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Abstract 


J 

For  a  second  order  nonautonomous  singularly  perturbed  ordinary  differential 
equation  with  Neumann  boundary  conditions,  the  existence  of  single  transition 
layer  solutions  is  proved  by  using  the  method  of  Liapunov-Schmidt.  The 
method  also  gives  the  stability  of  these  solutions  as  an  equilibrium  point  of  a 
parabolic  equation.  t ,  >  r  • /  /  •  .  i'r  1 
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1.  Introduction 

For  €  >  0  a  small  parameter,  we  consider  the  following  parabolic 
er  ,?tion 

(1.1)  u  =  e2u"  +  f(u,x)  -1  <  x  <  1,  t  >  0 

where  u  «  3u/9t,  u'  =  3u/3x  and  impose  the  following  boundary  conditions 

(1.2)  u’(-l.t)  -  u'(l,t)  -  0 

The  function  f  will  satisfy  the  following  assumptions: 

(A-l)  f  :  R  x  [-1,1]  -*  R  is  a  C*-function  of  (u,x)  with  f(0,x)  *  0, 

f(l,x)  =  0 

(A-2)  There  is  a  positive  constant  3  such  that 

fu(0,x),  fu(l,x)  <  -381  for  x  €  [-1,1] 

(A-3)  Let  J(x)  -  jl  f(u,x)du,  x  €  [-1,1],  Then  J(0)  -  0, 

d 

—  J(x)|  *  0  and 

dx  x=o 

f  f(v,0)dv  <0  for  u  €  (0,1). 

•*0 

An  example  of  a  function  f  satisfying  (A-l)  -  (A-3)  is  the  cubic 

(1.3)  f(u,x)  -  u(l  -  u)(u  -  a(x)) 
where 

(1.4)  a(0)  ■  a'(0)  *  0,  0  <  a(x)  <  1  for  x  «  [-1,1] 

We  intend  to  discuss  the  existence  of  equilibrium  solutions  of  (1.1),  (1.2) 

with  a  single  transition  layer  at  x  -  0;  that  is,  those  solutions  which,  as 


€  -»  0,  converge  to  zero  (resp.,  one)  uniformly  on  any  compact  subset  of  [-1,0) 
and  converge  to  one  (resp.,  zero)  uniformly  on  any  compact  set  of  (0,1].  We 

also  discuss  the  stability  properties  of  such  solutions. 

In  fact,  we  prove  the  following  theorem. 

Theorem  1.1.  (i)  There  is  an  «0  >  0  and  two  single  transition  layer  solutions 

Uj(x,€ ),  j  =  0,1,  0  <  €  <«0,  such  that,  for  any  6  >  0, 

lim  u .(x,€ )  =  j  uniformly  on  [-1,-6], 

€-0 

Uj  (x,€ )  is  asymptotically  stable  if 
(1.5)  (-l)jUj'(0,«)J  '(0)>  0 

and  unstale  with  the  dimension  of  the  unstable  manifold  equal  to  one  if 

(-i)ju;(o,€)j  '(0)  <  o. 

Before  describing  the  method  of  proof,  let  us  first  emphasize  that  this 
result  is  certainly  not  surprising  and  is  probably  known  to  some  people.  In 

fact,  the  existence  of  equilibrium  solutions  of  the  above  type  follows  from  the 

work  of  Fife  [1976],  Ito  [1984],  Mimura,  Tabata  and  Hosono  [1980],  The 

method  employed  there  is  to  reflect  the  solution  through  -1  and  +1,  solve  two 

distinct  boundary  value  problems  on  the  intervals  [-2,0]  and  [0,2]  and  then  use 

the  boundary  condition  at  zero  to  match  the  derivatives  of  the  solutions. 

For  the  case  of  the  cubic  (1.3),  (1.4),  Angenent,  Mallet-Paret  and  Pcletier 
[1987]  have  obtained  the  stability  condition  (1.5).  They  obtained  existence  using 
a  comparison  principle  and  results  of  Matano  [10]  on  existence  of  stable 
solutions.  Some  of  the  techniques  used  there  are  of  assistance  to  us  in  discussing 


all  solutions  for  the  general  case.  One  could  also  obtain  the  stability  properties 
of  the  solutions  by  using  the  method  of  Fujii  and  Nisihura  [1985]  involving  a 
singular  limit  eigenvalue  problem. 


The  primary  objective  of  this  paper  is  to  prove  this  theorem  by  using  a 
method  which  will  yield  the  existence  and  stability  at  the  same  time.  More 
specifically,  we  begin  with  a  smooth  approximate  equilibrium  solution  U(x,0  of 
the  equation  which  exhibits  a  transition  layer  at  x  ■  0  and  then  consider  the 
dynamics  of  the  flow  in  a  neighborhood  of  this  approximate  solution.  The 
variational  equation  near  this  approximate  solution  has  the  form 
(1.6)  ut  =  feu  +  G(«)  +  F(u,«) 


where 


(1.7)  t( u  ~  €Ju"  +  f u(U(x,€ ),x)u 

(1-8)  G(« )(x)  -  €JU"(X,€)  +  f(U(x,€ ),x) 

(1.9)  F(u,€  )  -  f (U(x,€ )  +  u,x)  -  f (U(x,€  ),x)  -  f u(U(x,€  ),x)u 

The  first  step  in  any  analysis  of  Equation  (1.6)  must  involve  an 

understanding  of  the  operator  *€  :  C* [- 1,1]  ■*  C°[-l,l]  where  C* [- 1,1]  is  the 

space  of  CJ-functions  satisfying  the  boundary  conditions  (1.2)  with  ]  q>  1 2  €  = 
supx[|<p(x)j  +  €  |  q> ' (x)  |  +  € 2 1  <p”(x)  |  ].  By  using  a  Prufer  transformation  and 
analyzing  the  behavior  of  the  corresponding  angle,  we  show  there  is  exactly  one 
eigenvalue  Xj(«)  of  l€  which  approaches  zero  as  e  -*  0  and  \j( 0)  is 
proportional  to  j'(0).  Furthermore,  there  is  an  €0  >  0,  v  >  0  such  that  the 
remaining  eigenvalues  are  <  -v  for  0  <  €  <  «0.  The  use  of  the  Prufer 
transformation  in  the  study  of  stability  of  solutions  of  parabolic  equations  has 

been  used  previously  by  Fusco  and  Hale  [1985],  Hale  and  Rocha  [1985],  Jones 

[1984],  and  Rocha  [1985],  [1986], 


After  obtaining  this  information  about  *£,  two  approaches  naturally 
suggest  themselves.  One  is  to  use  a  center  manifold  theorem  to  reduce  the 
dynamics  near  the  approximate  solution  to  a  one  dimensional  problem.  The 
other  is  to  use  the  method  of  Liapunov-Schmidt  to  obtain  a  one  dimensional 
bifurcation  function  whose  zeros  determine  the  equilibrium  solutions.  In  some 
situations  for  which  it  is  known  that  both  of  these  methods  can  be  applied,  the 
flow  of  the  vector  field  defined  by  the  bifurcation  function  is  equivalent  to  the 
flow  on  the  center  manifold  (see,  for  example,  Chow  and  Hale  [1982]). 

In  this  paper,  we  consider  the  method  of  Liapunov-Schmidt  for  the 
existence  of  the  equilibrium  solutions.  The  stability  properties  of  the  solutions 
are  obtained  by  discussing  the  eigenvalues  of  the  linear  variational  equation 
directly.  The  existence  of  the  center  manifold  and  its  relationship  to  the 
bifurcation  function  will  appear  in  a  later  publication. 

To  apply  the  method  of  Liapunov-Schmidt,  the  accuracy  of  the  initial 
approximation  U(x,«)  plays  a  crucial  role.  To  see  this,  let  <p1(x,e)  be  an 
eigenfunction  of  *£  corresponding  to  Xj(€),  and  consider  the  equation  for 
equilibrium  solutions 

r£u  +  G(€)  +  F(u,«)  =  0. 

If  u  «  a<pj  +  v  where  J^1«f1(x,€)v(x)dx  *  0  and  a  is  a  scalar,  then  the 
method  of  Liapunov-Schmidt  yields  a  function  v*(a,€)  defined  for  a,€  small, 
v*(0,0)  ■■  0.  Once  v*(a,«)  is  known,  the  bifurcation  function  is  given  by 

B(oc,€ )  «=  Xj(€)a  +  |  <Pj(x,€)^G(€)(x)  +  F(a<fj(x,€)  +  v*(a,€)(x),€)Jdx/||<p,(e)||2j 
The  desired  transition  layer  solutions  are  in  one-to-one  correspondence  with  the 
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The  Taylor  series  for  B(a,c)  will  have  the  form 
B(a,c)  =  6(e)  +  7(c)a  +  0(a2) 

as  o  -*  0.  The  Taylor  series  of  the  terms  B(c),  7(c)  in  c  depend  very 
strongly  upon  the  initial  approximation  U(x,c)  to  the  equilibrium  solution  of 
(1.1),  (1.2);  that  is,  upon  the  properties  of  the  function  G(c)  in  (1.8).  More 
specifically,  suppose  G(c)  is  only  0(c)  as  c  -*  0  and 


f. 

t , 

with  B0  *  0. 

f. 

t, 

£• 

€,a  -*  0  and 

<p1(x,c)G(c)(x)dx  =  B0c  +  o(c)  as  c  -*  0 


B(ot,c)  -  [B0c  +  o(c)]  +  [70c  +  o(c)]a  +  O(ot2) 
where  70  is  determined  from  the  first  eigenvalue  of  E€  and  the  0(c) 
term  in  v*(0,c).  In  this  case,  the  equation  B(a,c)  -  0  will  not  have  a 

solution  a*(c)  which  vanishes  when  c  *  0.  Thus,  there  is  no  equilibrium 

solution  of  (1.1),  (1.2)  which  is  a  perturbation  of  U(x,c)  in  the  direction  of 
the  eigenfunction  (^(x.c). 

If  one  wants  to  obtain  existence  of  the  equilibrium  solutin  (as  well  as  its 
stability)  by  perturbing  an  approximation  solution  in  the  direction  of  the 
eigenfunction  <<>j(x,€),  then  the  above  reasoning  implies  that  the  initial 
approximation  must  be  more  accurate.  If  we  suppose  that  U(x,c)  is  such  that 
G(c)  is  0(c2)  as  c  -*  0,  then  v*(ot,c)  «  0(c2  +  a2)  and  the  bifurcation 
function  B(o,c)  has  8(c)  -  0(c2)  and  7(c)  «  70(c )  +  0(c2)  as  c  -  0,  7^(0) 
*  0.  This  implies  that,  if  B(a,c)  -  0,  then  a  -  O(c)  as  c  -*  0,  and  there  is 
an  exact  equilibrium  solution  near  U(x,c)  which  is  a  perturbation  in  the 
direction  of  the  first  eigenfunction  <fj(x,c). 
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Sections  2,3,  and  4  are  devoted  respectively  to  the  discussion  of  the 
approximate  solution,  the  linear  operator  t £  and  the  application  of  the  method 
of  Liapunov-Schmidt. 

It  is  possible  that  the  function  J(x)  in  (A-3)  could  have  more  than  one 
zero.  In  this  case,  solutions  with  several  transition  layers  may  occur,  a  situation 
which  is  discussed  in  Section  5.  It  is  also  possible  that  the  function  f(u,x) 
does  not  have  zeros  which  are  constant  in  x  as  in  hypothesis  (A-l).  The 
modifications  that  are  necessary  to  handle  this  case  are  discussed  in  Section  6. 


2.  Ad  Approximation 


In  this  section,  we  describe  a  way  to  obtain  an  approximation  to  the 
equilibrium  solutions  of  (1.1),  (1.2)  with  a  single  transition  layer  under  the 
hypotheses  (A-l)  -  (A-3).  If  u(x;«)  is  an  equilibrium  solution  and  we  let 
z(t,«)  =  u( € t,€ ),  =  d/dt,  then 

(2.1)  z  +  f(z,«t)  =  0 

on  -1/ €  <  t  <  with  the  boundatry  conditions  z  =  0  at  t  =  ±€_1.  To 

obtain  the  approximate  solution,  we  let 

(2.2)  z(t,«)  =  z0(t)  +  £Zj(t)  +  0(£2) 
and  formally  equate  powers  of  t  in  (2.1),  then 

(2.3)  z0  +  f(zo,0)  =  0 

(2.4)  z'j  +  fu(z0(t),0)Zj  +  fx(z0(t)),0)t  =  0 
for  t  €  R  The  boundary  conditions  are 

(2.5)  z0(-“)  -  0,  z0(+»)  -  1, 

(2.6)  Zj( i°°)  =  0  . 

The  function  z0  will  give  a  solution  with  transition  from  0  to  1.  For  the  case 
of  a  transition  from  1  to  0,  one  imposes  the  conditions  z0(-®)  =  1,  z0(+®)  =  0 
instead  of  (2.5). 

The  conditions  (A-l)  and  (A-2)  imply  that  Equation  (2.3)  has  equilibrium 
points  (0,0),  (1,0)  in  the  (z0,z0)  phase  plane  which  are  hyperbolic  saddle 
points.  Furthermore,  Condtion  (A-3)  implies  that  there  is  a  heteroclinic  orbit 
(z0(t,y),  z0(t,7))  which  connects  the  equilibrium  point  (0,0)  to  the  equilibrium 
point  (1,0).  The  constant  7  €  (0,1)  is  the  initial  value  of  z0(t;7)  :  that  is, 
zo(0'7)  =  7.  and  uniquely  specifies  the  heteroclinic  orbit.  Moreover,  there  is  a 
constant  k0  >  0  such  that 


(2.7) 


max 


{ |z0(t,7)  -  1|.  |z0(t»»|}  <  koc‘*B‘>  1  >  0 
max  {|zo(t,0)|,  |z0(t,7)|)  <  k0e*6t,  t  <  0. 

With  this  choice  of  z0(t,7),  one  can  now  begin  to  discuss  a  solution  z4(t) 
of  (2.4)  which  satisfies  the  boundary  condition  (2.6).  The  linear  equation 
z‘i  +  fu(zQ(t),0)z1  -  0 

has  the  property  that  the  only  bounded  solution  on  P  is  a  multiple  of  z0(t,7). 
Using  a  well  known  theory  based  on  exponential  dichotomy  and  the  Fredholm 
alternative  (see,  for  example,  Chow  and  Hale,  [1982,  Sec.  11.3],  Hale  [1984,  pp. 
123  ]),  the  equation  (2.4)  has  a  solution  which  is  bounded  on  R  if  and  only 

if 

(2-8)  f  z0(t,7)fx(z0(t,7),0)tdt  -  0. 

J  _oo 

Therefore,  condition  (2.8)  must  be  satisfied  in  order  to  obtain  a  solution  of  (2.4) 
satisfying  (2.6). 

We  now  show  that  there  is  a  unique  7  €  (0,1)  such  that  (2.8)  is  satisfied. 
To  see  this,  let 

C0(7)  =  [  zo(t,7)fx(zo(t,7),0)tdt  =  f  fx(u,0)([  [-2F(v)]-**dv)du 

* .»  J  q  J  y 

in  which  F(u)  =  f(s,0)ds.  Since 

■jz  co(?)  -  -  [*2F(7)]-M  f  fx(u,0)du  -  -[-2F(7)]-Jij'(0)  *  0 
<j7  i0 

it  follows  that  C0(7)  is  strictly  monotone.  On  the  other  hand,  F(7)  *  0(7J)  as 
7  **  0  and  F(7)  ■  0((7-l)*)  as  7  -*  1.  Therefore,  |C0(7)|  -*  •  as  7  -*  0  or 

1  and  there  is  a  unique  7  in  (0,1)  such  that  (2.8)  holds. 

Let  us  choose  7  so  that  (2.8)  holds  and  now  designate  z0(t,7)  by  z0(t). 
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Then  there  is  a  solution  of  (2.4)  bounded  on  P.  In  fact,  there  is  a  solution 
which  is  a  continuous  linear  functional  in  the  uniform  topology  on  R  of  the 
forcing  function  fx(zo(t),0)t  in  (2.4).  Since  z0(t)  satisfies  the  estimate  (2.7) 
and  the  forcing  term  satisfies 


| fx( z0<t)’°)t |  <  k0c‘jB,t'  t  €  R 


it  follows  that  zt(t)  satisfies  the  estimate 

(2.9)  max  {|Zj(t)|,  |Zj(t)|)  <  k^"2®111,  t  €  P 

for  some  positive  constant  kr 

Now,  let  t0(x),  C+(x)  be  C“-cutoff  functions  satisfying 

'  1  |x|  <  */4 

t0(x)  -  0  j  x  |  >  l/i 

.  0  <  C0(x)  <  1,  x  €  [-1,1], 


and  let 


(2.10) 

(2.11) 


0  x  €  [-1,0] 

1  -  Ux)  x  €  [0,1], 


Z(t,€)  -  Z0(t)  +  €Zj(t) 

U(X,€ )  -  t0(x)Z  (x/€,€)  +  C+(x). 


The  function  U  will  be  our  approximation  to  the  equilibrium  solution  of 
(1.1),  (1.2).  If  we  make  the  transformation  of  variables. 


(2.12) 


U(X,€ )  +  u 


in  (1.1),  then  the  new  function  u  must  satisfy  the  differential  equation 


(2.13) 


—  -  r«u  +  G(t)  +  F(u,c) 

Ot 


and  the  boundary  conditions  (1.2),  where 


(2.14)  £€u  »  €2u"  +fu(U(x,€),x)u 

(2.15)  G(€)(X)  -  €2u"(X,«)  +  f(U(x,€ ),x) 

(2.16)  F(u,€ )(x)  «  f(U(x,«)  +  u,x)  -  f(U(x,«),x)  -  fu(U(x,e),x)u. 

As  is  seen  from  (2.15),  G(«)  measures  how  accurately  U(x,t)  approximates  the 
equilibrium  solution  of  (1.1),  (1.2).  The  following  lemma  partly  justifies  the 
expansion  in  (2.2). 

Lemma  2.1.  sup  |G(e)(x)|  -  0(«2)  as  t  -»  0. 
x€  [-1,1] 

Proof.  Let  us  first  write  G(e)(x)  explicitly: 

G(€)(x)  *  €2u"(x,€)  +  f(U(X,€),X) 

=  t0(*)[Z0<X/€)  +  €Z'i(x/«)] 

+  2€^(x)[z0(x/€)  +  cz^x/e)] 

+  «Sto'(x)[z0(x/e)  +  tz^x/t)]  +  c2t»(x) 

+  f(50(x)[z0(x/c)  +  €Zx(x/€)]  +  t+(x),x). 

From  the  choice  of  the  cut-off  functions  £0,  one  easily  obtains  the 

following  estimates: 

a)  |x|  »  V» 


|G(€)(x)|  -  jf(;+(x),x)|  -  0 

b)  -  1/1  <  X  <  -  */4 

|G(«)(x) |  <  sup  { J z0(x/€) |  +  €|z,(x/€)|;  X  €  [-Vi,  -V*]} 

+  2t  |  to  |o  SUP  { | z0(x/€>  +  «/41(x/«)|;  x  €  [-Vi,  -V<]} 
+  € *  I  to  |  o  SUP  { (z0(x/€)  |  +  c  |  zx(x/€)  |;  x  €  [-Vi,  -V*]} 
<  c  e‘®/2€ 


a 


-11- 


in  which  c  is  a  positive  constant  independent  of  x  and  €  >  0. 

c)  V<  <  x  <  1/2 

|G(€)(x)|  <  sup  {|z0(x/O|  +  €  |zx(x/€) |;  X  €  [*/4,  V*]} 

+  2«  |  J0  sup  { jz0(x/€) |  +  e  |Zj(x/€) |;  x  €  [V^,  1/2]> 

+  1  ^0  |o  SUP  { 1 20(x/€)  -  1|  +  €|Z,(X/€)|;  X  €  t!/4,  l/2]} 

<  c  e"®^2€ 

d)  |X  j  <  V 4 

G( € )(x)  =  f(z0(x/«)  +  CZ^x/tJ.X)  -  f(z0(x/€),  0) 
-effJz^x/O.OJz^x/e)  +  fx(z0(x/c),0)x/€] 

By  applying  the  mean  value  theorem,  one  finds  a  0  =  0(x,£),  0  <  0(x,e)  <  1, 
such  that,  for  |x|  <  K 

(2.17)  G(e)(x)  -  ifuu(z0(x/€)  +  OcZjtx/eJ.OxMez^x/c)]2 

+  fux(z0(x/€>  +  S«z1(x/e),0x)xz1(x/€)e 

+  2fxx(Vx/€)  +  ecz^x/cXOxJx2 
-  €J[t  fuu(z0(x/e)  +  0£z1(x/6),0x)z1(x/€)2 
+  f^ZoCx/e)  +  Oez^x/eJ.Ox)  *■  z^x/e) 

+  f  fxx(zo(x/«)  +  0€z1(x/€),0x)(f)2] 

Since  z0(t),  Zj(t)  satisfy  the  estimates  (2.7),  (2.9)  and  f^O.x)  =  0  s  f^l.x), 
the  function 

f  f.JVO  +  0«t)Zj(t)2 

+  fux^zo(t)  +  €0zi(t>»  SeOtZjCt) 

+  t  fxx(zo(l)  +  ®«t)t2 

is  bounded  on  R  as  a  function  of  t,  which  together  with  (2.17)  implies 

,!F-SU,lG(<Xx)l  ‘ c 
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3.  Properties  of  the  linear  operator 

In  this  section,  we  intend  to  discuss  the  spectral  properties  of  the  linear 
operator  2£  in  (2.14).  Let 


X  =  {u  €  C2[-l,l];  u'(-l)  -  0  -  u'(D} 

Y  -  C°[-1,J]. 

Iu|2,€  “  |u|o  +  £|u'|o  +  £>"|o  for  u  e  X 
We  consider  E£  :  X  -»  Y  and  prove  the  following 


Theorem  3.1.  There  is  an  «Q  >  0  such  that  the  following  assertions  are  valid: 

(i)  The  principal  eigenvalue  Xx(€)  of  X£  is  simple  and  approaches  zero  as 

€  A  0. 

(ii)  If  0(x,«)  is  any  eigenfunction  corresponding  to  Vj(£),  0  <  e  <  e0,  then 
there  is  a  constant  k2  >  0,  such  that 

|<Kx,£)|  <  k,  |«0,€)|  c’J0lx,/€  for  j x  |  <  1. 

(iii)  There  is  a  u0  >  0  such  that,  the  second  eigenvalue  X2(t)  of  X€ 
satisfies  Xj (e)  i  for  0  <  €  <  €0. 


To  prove  this  result,  we  first  observe  that  the  eigenvalue  problem 
I  *€u  -  Xu 


is  equivalent  to  the  system  of  first  order  equations 


€U  «  U 


*  €  [-1,1] 


£v'  -  *[f„(U(x;<),x)  -  X]u 
v(-l)  -  0  -  v(  1 ). 


,1  - _»  .1  l!  |t.  t 


i*.  |i,  j  ,.1^  t  ilt.ri.i  t.>  a. I  |j  L*  l|*  tl* 
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In  terms  of  the  fast  variable  t  -  x/«,  (3.2) x  is  written  as 
u  -  v  t  €  [-Ve,1/*] 

(3.3)x  u  «  -[fu(U(t,€),€t)  -  X]u 

.  u(-V«)  -  o  -  u(Vo 

in  which  U(t,€)  *  U(et,€).  It  is  useful  to  introduce  polar  coordinates  (r,0) 
defined  by  u  *  r  cos  0,  v  ■  -r  sin  0,  in  (3.2)x  and  (3.3) x,  and  determine  the 
properties  of  the  eigenvalues  of  t€  from  the  properties  of  the  angle  0. 

The  equations  for  (r,0)  are  given  by 


€r'  ■  -r[l  +  X  -  fu(U(x,€),x)]  sin  0  cos  0 


€0'  -  (fu(U(x,«),x)  -  X]  cosJ0  +  sinl0 


r  ■  -[1  +  X  -  fu(U(t,«),  «t)]  sin  0  cos  0 
0  -  [fu(U(t,€),€t)  -  X]  cos20  +  sinl0. 


Let  0±(x,€,X)  denote  a  unique  solution  of  (3.4-b)x  with  0±(±1,€,X)  -  0. 

Then  it  easily  follows  that  X  is  an  eigenvalue  of  £€  if  and  only  if 


0.(1, e,X)  s  0(mod.n)(or  0+(-l,«,X)  =  O(mod.n)). 

Moreover,  one  can  verify  that  0.(1, «,X)  (resp.  0+(-l,«,X))  is  a  strictly 


decreasing  (resp.  increasing)  function  of  X  for  each  fixed  €  >  0  and 


lim  0  ( 1  ,c,X)  *  *  lim  0  (1,€,X)  ■  -n/2.  Therefore,  the  principal  eigenvalue  X.(«) 
X-*-00  x-*+®  *  1 

of  *€  is  characterized  by: 


8.(1,€,X,(€))  -  0. 


There  is  a  constant  6  >  0  such  that  (|fu(u,x)  -  fu(0,x)|,  |fu(l  +  u,x) 
-f(l,x)|)  <  0*/«  for  | u  |  <  8  and  from  (2.7),  (2.9)  and  (2.11),  it  follows  that 


there  exists  a  constant  k2  >  0  such  that 


x  >  0. 


|U(X,€)  -  1  |  <  kj(l  +  €)  C-Bx/Je  for 
From  the  condition  (A-2)  and  the  estimates  above,  it  follows  that,  for  any  t0, 
70  satisfying  the  relation 

gr 

(3.6)  k2(l+?0)  e'  °/2  <  6. 

and  for  any  t0  >  F0,  0  <  «  <  TQ,  one  has 

(3.7)  fu(U(x,€),x)  -  V  <  -2B2  for  |x|  >  €t0,  |X|  <  B2/ 2. 

Now  let  0±(x,e,X)  be  solutions  of  the  equation 

(fu(U(x,«),x)  -  X]  cos2  0  +  sin2  0  *  0 
for  | x  |  *  €t0,  |  X  |  <  B2/ 2,  satisfying 
-n/j  <  0.(x,€,X)  <  -e0 

0O  <  e+(x,«,x)  <  n/t 

in  which  ©0  €  (0,n/a)  is  the  unique  solution  of 
tan2  0O  -  2 62. 

Lemma  3.2.  Suppose  ?0,  t"0  satisfy  (3.6).  Then  there  exist  constants  €j,  0  < 

<  70,  ks  >  0,  k4  >  0,  0  >  0  and  solutions  E±(x,e,X)  of  (3.4-b)^  such  that,  for 
t  €  (0,€j),  t0  *  f0,  and  X  e  [-B2/j,  B2/2],  the  following  properties  hold: 

(i)  |S+(x,€,X)  -  ef(x,€,X)|  <  kj  €,  for  | X  |  >  €t0 

|&  (x,«,X)  -  0. (x,€,X) |  <  kj  C,  for  | X  |  >  €t0 

(ii)  If  0(x,€,X)  is  the  solution  of  (3.4-b)^  with  initial  value  0(-l,e,X)  (resp. 
G(+1,€,X))  satisfying 

8(-l,€,X)  e  (0+(-l,t,X)  +  ks€  +  (n-l)n,0+(-l,«,x)  -  ks€  +  nn) 

(resp.  0(1, €,X)  e  (0.(  1  ,t , X)  +  k5«  +  n n,  0.(1, «,X)  -  k,«  +  (n+l)n)) 
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for  some  integer  n,  then  the  following  estimate  is  valid: 

|0(x,e,X)  -  ff(x,«,X)  -  nn|  <  k4c's®(x+i)/£  for  x  €  [-l,-«t0] 
(resp.  |0(x,«,X)  -  I+(x,€,X)  -  nn|  «  k4e*^x_1)/€  for  x  €  [«t0,l]) 

(iii)  If  0(x,€,X)  is  the  solution  of  (3.4-b)^  with  the  initial  value 

©(-tt^t.X)  (resp.  0(€to,eX))  at  x  -  -et0  (resp.  x  -  tt^  satisfying 

©(-et^t.X)  €  (e_(-«t0,€,X)  +  ks€  +  nn,  e^-et^.X)  -  ks«  +  (n+l)n) 
(resp.  ©(eto.t.x)  €  (e^tt^.X)  +  ks«  +  (n-l)rr,  e+(tt0,€,x)  -  ks«  +  nn)) 
for  some  integer  n,  then  the  following  estimate  is  valid ; 

|0(x,€,X)  -  S+(x,t,X)  -  n»|  <  k4el5(x+€to)/€,  for  x  €  [-l,-et0] 
(resp.  |0(x,«,X)  -  ff_(x,€,X)  -  nnj  <  k4e‘jB(x'eto)/e,  for  x  €  [et0,l]) 

Proof  of  Lemma  3.2.  To  prove  these  results  it  is  convenient  to  rewrite  the 
equation  (3.4-b)x  in  terms  of  coordinates  around  B4(x,€,X).  For  this  purpose,  let 
us  introduce  new  coordinates  (u,v)  in  (3.2)  x  by 

CH-nn 

where  A  -  A(x,c,X)  »  [-fu(U(x,€),x)  +  X]^  for  |xj  >  ct0.  One  should  notice 
that  A(x,c,X)  >  sjB  holds  for  jx|  >  ct0,  aid  hence  the  change  of 
coordinates  makes  sense  for  |x|  >  «t0.  Then  introduce  polar  coordinates  (p,<t>) 
by  u  -  p  cos  0,  v  »  -p  sin  0.  The  Equations  for  (p,0)  are  given  by 


(3*8)  x 


«p'  -  -A (x,«,X)p  cos  20  -  «(A  /2A)p(I  -  sin  20] 
€0*  ■  A(x,< , X)  sin  20  -  €(a'/2A)  cos  20 


0  -  e_(x,t,X)  and  0  -  e+(x,«,x)  are  transformed  into  0  -  -n/2  and  0  ■  0, 
respectively.  The  Neumann  data  0  *  0(mod.7l)  corresponds  to  0  s  n/4  (mod.n). 
The  equation  (3.8-b)^  has  positively  (resp.  negatively)  invariant  strips  around 
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<p  =  n/i  +  mn,  m  €  Z  (rcsp.  $  =  mn)  for  |x|  >  «t0.  The  width  of  these 

strips  is  given  by: 

tan'V  su^>  ]  A '(x,€,X)/2A(x,€,X)i|)  <  k3€ 

for  some  positive  constant  k8.  Since  A(x,t,X)  >  vjB  and  0  and  <t> 

coordinates  are  related  by 

tan  6/  tan  (<*>  +  n/i)  «  A(x,£,X),  |x|  >  €t0 
there  exists  a  positive  constant  ks,  such  that  the  interval 

(mrr  +  e_(x,£,X)  -  ks€,  mn  +  e_(x,e,X)  +  kse) 
is  positively  invariant  for  the  equation  (3.4-b)^  and  the  interval 
(mn  +  0+(x,£,X)  -  ks£,  mn  +  0+(x,e,X)  +  k8«) 
is  negatively  invariant  for  the  equation  (3.4-b) y  for  any  integer  m.  Now  it  is 
easy  to  find  the  solutions  S±(x,€,X)  of  (3.4-b)y  which  satisfy  the  property  (i) 
in  the  lemma.  For  example,  F_(x,e,X)  is  defined  as  the  unique  solution  of 
(3.4-b) x  with  initial  value  S_(-1,€,X)  *  0_(-l,€,X)  for  x  €  [-l,-et0]  and  as  the 
unique  solution  of  (3.4-b)x  with  initial  value  ff_(+«t0,e,X)  «=  e(+£t0,€,X),  for 
x  €  [+€t0,l].  The  function  is  defined  in  the  similar  way.  This 

completes  the  proof  of  Part  (i). 

Now  considering  the  difference  0(x,€,X)  -  F_(x,«,X)  and  applying  the  mean 
value  theorem,  the  equation  (3.4-b)x  yields  |0(x,c,X)  -  F_(x,«,X)|  <  k4e‘2^x+1^€ 
for  x  €  [-l,-€t0].  All  other  statements  in  (ii),  (iii)  follow  using  the  same  type 
of  arguments.  The  proof  of  Lemma  3.2  is  complete. 

Returning  to  the  proof  of  Theorem  3.1,  we  examine  the  behavior  of 
0t(x,«,X)  over  the  interval  [-etg.eto].  Let  us  concentrate  our  attention  on 
0±(x,«,O)  for  the  moment.  At  this  stage,  it  is  convenient  to  use  the  equation 
(3.5-b)0  in  terms  of  the  fast  variable  t  ■  x/e: 


(3.9)  e  -  fu(Z(t,€),€t)  cos20  +  sin20,  t  €  [-1/4€ ,1/4e ]. 

The  solutions  of  this  equation  are  compared  to  those  of 


(3.10)  0  ■  fu(zo(t),0)  cos20  +  sin20,  t  €  (-*,*). 

Let  us  denote  by  0(t)  the  solution  of  (3.10)  which  corresponds  to  the  solution 
T(z0(t),  z0(t))  of  (3.3)0  with  €  *  0.  We  show  that  0t(±«to,€,O)  and  F(±t0)  can 
be  made  arbitrarily  close  by  choosing  e  >  0  small.  By  definition, 

tan0_(-€to,«,O)  =  -[-fu(Z(-€t0,€),  -€t0)]^.  On  the  other  hand,  tanF(-t0)  = 

-z0(-t0)/z0(-t0).  One  should  notice  that  both  tan  0_(-€to,e,O)  and  tanF(-t0) 

have  one  and  the  same  sign  (negative  in  this  jase).  Hence,  we  estimate 

(3.11)  tan20_(-€to,£,O)  -  tan2F(-t0) 

-  -fu(z:  t0,c),  -€t0)  +  [f(z0(-t0),o)]2/^2  |Io(  to)f(u,o)du 

By  employing  the  expansion  f(u,0)  »  fu(0,0)u  +  0(|u|2)  near  u  -  0,  the 

second  on  the  right  of  (3.11)  reduces  to  fu(0,0)  +  0(  |  z0(-t0)  | ).  Hence,  we  can 

continue  formula  (3.11)  as: 

-  -{*ofux<°’X*>  +  fuu(U*’-€toH-Z('tO’€)] 

where  x*  €  (-1,1]  and  u*  €  (0,1)  are  appropriate  values.  This  gives: 

jO_(-€t0,€,0)  -  S(-t0)  |  (  C[£t0  +  e'*®*0] 
for  some  consant  C  >  0.  The  same  type  of  arguments  gives: 

|®+(€to,c,0)  -  F(t0)|  <  C(«t0  +  c'*Bto). 

Combining  these  estimates  with  Lemma  3.2  (i),  (ii),  one  obtains 
* 

ie_(-€to,€,0)  -  F(-t0)  I  <  C(«t0+  e’20to)  +  ks«  +  k4e*2®(l-€to)/€ 

(3.12) 

|e+(€t0,€,0)  -  F(t0)|  <  C(€t0  +  e-23to)  +  ks€  + 
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If  6±(t,£,X)  =  e^ct.t.X),  then  B±(t,£,X)  are  solutions  of  (3.5-b)0  with 
0±(±€'\£,X)  »  0.  Since  the  right  hand  side  of  (3.5-b)^  is  bounded  and  solutions 
of  differential  equations  depend  continuously  on  initial  data  and  parameters 
involved,  relation  (3.12)  implies  that 


(3.13) 


|0_(O,€,O)  -  0(0) |  <  Ct0(€t0  +  e'20to  +  k,€  +  k4e-*P(1-<to)/<> 
)0+(O,€,O)  -  0(0) |  <  Ct0(et0  +  e*20to  +  k3€  +  k4e"2^1"eto^£). 


The  positive  constant  C  does  not  depend  on  t0,  €  so  long  as  t0  >  t0, 
0  <  e  <  F0.  F°r  any  X  €  (0,82/2],  one  has 


(3.1 4) 


and 


(3.14). 


Now  choose  tf 


0.(0, €.0)  - 

■  e  (0,€,0)  > 

6.(0,  c,X)  = 

e.(0,£,x) 

e+(o,c,o)  > 

-  B+(0,c,0)  < 

B+(0,€,X) 

0.(0, €.0)  - 

■  6.(0, €.0)  < 

e.(0,c,-x)  - 

'  0.(0, €,-X) 

0+(O,€,O)  ■ 

-  0+(O,£,O)  > 

B+(0,€,-X) 

-  0+(O,e,-X). 

t0(€)  -  - 

as  €  -*  0 

so  that 

t2(£)€  -  0 

relation  (3.13)  implies  that:  |0.(O,€,O)  -  0+(O,£,O)|  ■=  |0.(O,£,O)  -  0+(O,£,O)|  -*  0  as 
€  -*  0.  Therefore,  (3.14)±  imply  that,  for  any  X  €  (0,82/2],  there  exists  an 
€ 0(  X)  >  0  such  that 


(3.15) 


8.(0,€,X)  <  0+(O,£,X) 


for  €  €  (0,£„(X)]. 


|0_(O,£,-X)  >  0+(O,.€,-X) 

The  inequalities  in  (3.15)  imply  that  lim  Xt(t)  -  0.  For,  if  Xj(€)  >  8  >  0 

for  «  >  0  small,  then  0.(O,«,Xj(t))  <  0.(O,£,8)  <  0+(O,£,6)  <  0+(O,€,Xj(€))  for 
«  €  (0,€ 0( 6)]  which  is  a  contradiction,  since  Xx(€)  being  the  first  eigenvalue 
implies  0(O,£,Xx(£)  -  0+(O,€,Xx(€)).  This  proves  part  (i)  of  Theorem  3.1. 
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Part  (ii)  of  Theorem  3.1  is  easily  obtained  from  (3.4-a)^  ,€*  and  Lemma 


3.2. 


In  order  to  prove  part  (iii),  we  need  the  following  elementary  lemma. 


Lemma  3.3.  Let  t0,  eQ  be  fixed  so  that  the  condition  (3.6)  is  satisfied.  Then 
the  following  estimate  is  valid. 

0  <  ‘  *  4/(tan*0o  +  1) 

0  <  e+CftQ.f.x^e))  -  e+(«t0,£,x,(€)-M)  <  M/(tan2e0  +  l) 
for  e  €  (0,?o],  tQ  >  t  ^  and  4  €  [0,B2/4]. 

Proof.  Since  -  n/i  <  e-  *  *eo  K  ®  anc* 

tan  ■  tan  ©.(-tto.c.X^e))  -  4, 

an  application  of  the  mean  value  theorem  implies 

e.(*€t0,€,X,(€)-»t)  -  e_(-€t0,€,X,(£))  <  4/(1  +  tan2e0). 

The  statement  for  0+  follows  from  the  same  type  of  arguments. 

Now  consider  the  equation 

(3.16)  €0'  *=  [f u(U(x,€ ),x)  -  Xx(«)  +  4]  cos20  +  sin20 

for  4  €  [0,fl2/<],  Let  us  denote  by  0 ^{x.O  the  solution  of  (3.16)  with  0^-1, e) 
*  0.  Hence,  0o(x,€)  corresponds  to  the  first  eigenvalue  of  £€.  We  shall  give 
an  lower  bound  for  4  for  which  0^(1, e)  »  n  holds.  For  sufficiently  small 
«  >  0,  say,  €  €  (0, € 0],  for  some  «0  >  0,  |  X j( € )  -  4|  <  B2/j  is  satisfied  for 
4  €  [0,B2/4]  and  the  coefficient  of  cos20  in  the  right  side  of  (3.16)  satisfies 
(3.7).  Therefore  Lemma  3.2  applies.  In  order  to  have  0^(1,  e)  =  rt,  it  is 
necessary  that: 

*u(tt0,€)  >  e^cto.c.X^t)  -  4)  *  k8«  +  rr. 
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On  the  other  hand.  Lemma  3.2  implies 

04(-« t0,«)  <  ©.(-ct^.X^)  -  m)  +  2kse. 

Therefore,  the  inequality 

(3.17)  0M(« t0,«)  -  0M(-«to,e)  >  e^eto.e.X/t)-^)  -  e^-ct^.X^tJ-M)  -  3kse  +  n 
must  be  satisfied.  Since  ii  >  0,  €0^  is  estimated  as 

€0M  <  [fu(U(x.O.x)-Xl(c)]  cos20m  +  sin20  +  v. 

Comparing  the  equation  with  the  equation  for  0Q; 

€0o  =  [fu(u(x^),x)-X1(€)]  cos20o  +  sin20o 
one  can  easily  verify  the  existence  of  a  constant  k  >  0  such  that 

(3.18)  e(0„  -  0O)'  <  k(0M  -  0O)  +  it 

Solving  the  differential  inequality  (3.18)  over  the  interv?’!  [-€  tQ,c  t0],  one 
obtains 

(3.19)  Q^V)  -  eM(-€t0,€) 

<  s0(€t0’€)  *  V*€tO’€)  +  l0M(-«to,€)  *  0o(-€tO’£)  +  2t0n]e2H. 
Applying  Lemma  3.2  again,  one  easily  finds  that: 

V-£t0’£)  '  0o(‘£to’€>  <  ©_(-£t0T€,X1(€)-At)  -  ©.(-« t0,«,X1(£))  +  2kge 
and  further  applying  Lemma  3.3, 

(3.20)  0M(-€to,€)  -  0o(-€to,«)  <  u/(\  +  tan20o)  +  2ks«. 

Lemma  3.2  also  implies  that 

(3.21)  0o(£to>£)  '  8o('€to>£)  <  e+(£t0’€’xi(£))  *  e.(-£to’£’Xi(£))  +  2ks£- 
Substituting  (3.20)  and  (3.21)  into  (3.19),  one  obtains 

(3.22)  0M(eto,€)  -  0u(-(to,t) 

<  ©+(<t0,€,Xj(€))  -  e.Ht^.x^t))  +  2ks« 

+  [|z/(  1  +  tan20o)  +  2ks€  +  2t0n]e2kto. 

Combining  (3.17)  and  (3.22)  and  using  Lemma  3.3  again  one  obtains, 


LTV 
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(3.23)  rt  <  *(u)  +  2ks(e2kto  +  5)e 

in  which  <t>(n)  =  [(2  +  e2^*o)/(  1  +  tan2e0)  +  2t0e2^‘o]M.  Hence,  for  €  €  (0,€o), 
with  € 0  >  0  sufficiently  small,  (3.23)  implies  Tl/2  <  4</i).  There  are  two 
cases: 

Case  1)  <X&2/4)  <  ”/2. 

This  means:  X2(«)  *  X^e)  -  ft  <  Xx(«)  -  02/4  <  -02/ s  for  e  €  (0,€o], 

Case  2).  There  exists  a  unique  nQ  €  (O,02/s]  such  that 
<K2m0)  =  it/  2. 

This  means  X2(«)  =  Xj(c)  -  n  <  Xj («)  -  2(t0  <  -M0  for  e  e  (0,€o],  This 
completes  the  proof  of  part  (iii)  of  theorem  3.1. 

We  shall  refine  the  estimate  on  Xj(«)  as  £  -*  0,  in  the  following 

Lemma  3.4.  The  first  eigenvalue  Xt(«)  of  t€  satisfies 
Xj(e)  =  K1€  +  o(£)  as  €  -  0 
where  Kj  =  -J  (0 )/J“  zQ(t)2dt  and  lim  o(£)/c  =  0. 


Proof.  Let  0j(x,€)  be  a  principal  eigenfunction  of  normalized  so  that 

0j(O,£)  =  z0(0).  This  normalization  is  always  possible  since  0j(x,£)  is  of 
constant  sign  on  [-1,1]  and  zo(0)  *  0. 

If  ?1(t,£)  =  ^(fM),  then  satisfies  the  equation 

(3.24)  ^  +  fu(U(t,£),£t)^  =  X^e)?. 

By  Theorem  3.1  (ii)  and  the  normalization  above,  |$1(-,O|0  >s  bounded  for 
€  €  (0,€0],  as  well  as  | fu(0(  - ,c),ct)  |0  and  X^e).  The  equation  (3.24)  implies 
that  |$(-,€)|0  is  bounded.  The  interpolation  inequality  |u'|o  i  “|u|o  + 
(2/o)[u"|0  for  any  o  >  0  implies  that  |j(-,£)|0  is  bounded.  Applying 
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the  Ascoli-Arzela’s  theorem  and  the  equation  (3.24)  repeatedly,  one  finds  that 
(Xj(e),$(  •,€))  is  precompact  in  R  x  Cj*0c(R). 

On  the  other  hand,  the  proof  of  Theorem  3.1  (i)  shows  that  0_(O,e,Xj(e))  -» 
0(0)  as  £  -»  0  and  hence 

(m«),  mo)  -  (Z0(0),  zo(0))  as  €  -  0. 

Since  the  solution  $(t,£)  depends  continuously  on  the  initial  data  ($(0,0, 
$(0,0)  and  the  parameter  €,  the  only  possible  limit  of  $(•,£)  as  £  -*  0  in 

C?oc(R)  is  *0(>- 

Now  multiply  (3.24)  by  z0(t)  and  integrate  over  the  interval  [-1/4£,1/4£] 
by  parts  to  obtain 


(.He 

*x(0  $(t,£)z0(t)dt 

J-Xe 


[Z0(t)$(t,£)  -  Z0(t)$(t)]*t_K^ 

,Xe 


r*  ... 

I  lzo  +  fu(Z(t,£),£t)z0]$(t,€)dt 
-Xe 


in  which  U(t,£)  =  Z(t,£)  for  |t|  <  Xe,  is  used. 
Substituting  z0  =  -f u(z0(t),  0)zQ(t),  one  obtains 
.X£ 


x(0  [  z0(t)$(t,£)dt 

-Xe 

fXE 

[fu(Z(t,C),€t)  -  fu(Z0(t),0)]Zo(t)$(t,£)dt. 

J-Xe 


8/ 

0(eP/€)  + 


The  first  term  on  the  right  side  is  obtained  from  the  decay  estimates  in 
Theorem  3.1  (ii)  and  in  (2.7).  By  the  Lebesgue’s  dominated  convergence  theorem 
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-  f  [fuJVO.OJz^t)  +  fux(zo(t),0)t]zo(t)Jdt. 

*  _CO 

The  last  term  is  simplified  by  integration  by  parts: 

f  fuu(z0(t)>°)Zi(t)z0(t)2dt  +  f  fux(z0(t),0)tro(t)2dt 
*  _co  J  .00 

OP 

-  -  f  fu(zo(t),0)[z1(t)zo(t)  +  z^z^Oldt 

J  _co 

-  [  fx(zo(t),0)zo(t)dt  -  f  fx(z0(t),0)tz0(t)dt 
*  .00  J  _00 

-  -  [  fx(zo(t),0)z0(t)dt 

J  .00 

-  f  [fu(zo(t),0)Zl(t)  +  fx(zo(t),0)t]zo(t)dt 

j  .Oo 
00 

+  [  z*|(t)f(z0(t),0)dt 

J  .00 

“  -  f  fx(u,0)du  +  [  [z\(t)  +  fu(z0(t),0)z,  +  fx(zo(t),0)t]f(zo(t),0)dt 

-  -  j’(0). 


This  completes  the  proof  of  Lemma  3.4. 


-25- 


4.  The  method  of  Liapunov-Schmidt. 

In  this  section,  we  use  the  method  of  Liapunov-Schmidt  to  obtain  the 
existence  of  equilibrium  solutions  of  (2.13);  the  solutions  of 

(4.1)  f£u  +  G(€)  +  F(u,€ )  «  0 
with  G(e),  F(u,e)  defined  in  (2.15),  (2.16). 

Let  E  :  Y  -*  Y  be  a  continuous  projection  onto  the  span  of  ^(-.e),  the 
principal  eigenfunction  of  t*  normalized  so  that  $x(0,€)  *  zo(0).  E  is  given 
explicitly  by: 

(4.2)  Eu  =  <u,*1(-,0>4>1(-,0/l|*1(-,0||J 

in  which  <  u,0x(-,e)>  =  J^1u(x)01(x,«)dx.  Let  Yx  and  Xx  be  the  null  spaces 
of  E  in  Y  and  X,  respectively.  Associated  with  the  projection  E,  one  has 
the  following  decompositions 

(4.3)  Y  *  [^(e)]  ®  Yr  X  «  [^(£)J  ®  Xr 

One  should  notice  that  Yx  *  J?(1C£)  =  ^Xj  and  that  E£  :  Xx  -*  Yx  is  a 
one-to-one  mapping.  In  accordance  with  the  decompositions  in  (4.3),  the  problem 
(4.1)  is  recast  as 

(i)  £€v  +  (I-E)G(O  +  (I-E)F(«01(€)  +  v,e)  =  0 

(4.4) 

(ii)  X1(e)«01(c)  +  EG(«)  +  EF(o^x(€)  +  v,c)  *  0 


where  u  was  replaced  by  u  -  o0x(x;€)  +  v,  with  a  €  R,  v  €  Xr 


Lemma  4.1.  There  exists  an  eQ  >  0  such  that,  for  €  €  (0,€ 0]  and  p  €  Yr 
the  equation  l£v  ■  p  has  a  unique  solution  v  *  v(p)  €  Xr  Moreover,  there 


exists  a  constant  k  >  0  such  that 


|  v(p)  1 2,t  <  k|P|o’  for  £  €  (°’€ol’  P  €  Y1 


Proof.  Take  an  «0  >  0  so  that  Theorem  3.1  is  valid  for  t  €  (0,€0],  The 

first  part  is  a  consequence  of  the  fact  that  Z€  :  X x  •*  Yx  is  bijective.  As  for 
the  estimate  (4.5),  Theorem  3.1  (iii)  implies  that  ||(2€)'1||B(Y  y  )  *  <*0*  since 
£€  is  self-adjoint;  hence,  |v(p)|0  <  |P|o/%  Then,  the  equation  I€v  =  p 

implies  that  € 2 1 v(p) "  1 0  <  C0|p|0  f°r  some  positive  constant  C0  which  is 

independent  of  €  €  (0,€o].  Now,  from  the  interpolation  inequality 

|v'|o  <  €|v"lo  +  2e_1 1 v |0  for  a°y  €  >  °» 

one  obtains  the  existence  of  a  constant  k  >  0  for  which  the  estimate  (4.5)  is 

true.  This  completes  the  proof  of  the  lemma. 

Lemma  4.2.  The  equation  (4,4)  (i)  is  uniquely  solved  in  v  as  a  function  v  = 
V*(a,€)  of  (a,€)  €  R  X  R+  in  a  neighborhood  of  (a,e)  =  (0,0),  smooth  in  a, 
and  |v*(a,€)|2€  -  (a2  +  e2)  as  |a|  +  e  -  0. 

Proof.  The  lemma  is  proved  by  a  standard  application  of  the  contraction 

maping  principle. 

Let  F  :  Yj  x  R  x  (0,€0]  -♦  Yx  be  defined  by 

F(v,o,€)  =  K£(I-E)(G(€)  +  F(a^(c)  +  v,«)] 
in  which  K€  =  -  [£€  |  Yx]_1  and  «0  is  sufficiently  small  to  permit  the 
application  of  Lemma  4.1  and  Theorem  3.1.  From  Lemmas  2.1  and  4.1,  we  have 
|(I-E)G(«)|0  =  0(€2)  as  €-0. 

From  Lemma  4.1  and  the  definition  of  F(u,«)  in  (2.16),  we  also  have 
|(I-E)F(o0l(«)  +  v,«)|0  -  0(|a|  +  | v  | Q)2 

as  a, | v |0  -»  0.  Therefore,  there  are  positive  constants  c0,k5  such  that,  for 
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(4.6)  |F(v,<m)|2  €  <  kfi{€2  +  ( | ot j  +  |v|0)2} 

and  for  | vx  |Vj|o  <  c0, 

(4.7)  |Jr(v1,oc,£)  -  F(vra,£)jJ€  <  k6(  |Vj  J0  +  |  v2 10)  |  vx  -  v2|0 

If  Yx(r)  =  {v  €  Yx;  |v|0  <  r}  for  r  >  0,  then,  replacing  c0,  €0  by 
smaller  values,  if  necessary,  one  can  find  r  >  0  so  small  that  the  following 
inequalities  are  satisfied 

(4.8)  k6{«2  +  (c0  +  r)1}  <  r  and  2kgr  <  1. 

For  such  a  choice  of  r  as  above,  and  a  €  [-c0,c0],  €  €  (0,€o]  the  mapping 

F(.,«,€)  :  Yx(r)  -  Yj(r) 

is  a  contraction  mapping.  Hence,  the  existence  of  the  function  v*(a,€), 
a  €  [-c0,c0],  £  €  (0,t 0],  is  ensured.  The  order  estimate  on  |v*(ot,t)  |2  £,  as 
|a|  +  €  -  0  is  obtained  from  (4.6).  The  proof  is  complete. 

We  are  now  in  a  position  to  state  an  existence  theorem  for  equilibrium 

solutins  of  (1.1),  (1.2)  with  a  single  transition  layer. 


Theorem  4.3.  If  (A-l)  -  (A-2)  and  (A-3)  are  satisfied,  then  there  is  a  family  of 
equilibrium  solutions  u+(x,e)  of  (1.1),  (1.2)  with  the  following  properties. 


lim  u+(x,€) 
€-0 


compact  uniformly  on  [-1,0) 
compact  uniformly  on  (0,1] 


|u+(-,€)  -  U(-,€)|2€  -  0(«)  as  t  -  0 

(ii)  If  2l  :  X  -*  Y  is  defined  by  Ziv  s  elv"  +  fu(u+(x,t),x)v,  then  the 
principal  eigenvalue  X*(«)  of  Zi  satisfies 

X*(€)  =  Kj€  +  o(«)  as  €  -  0 
and  there  exists  a  positive  constant  n0  such  that 


*■  m  *  '  •  +  •  *  fc  ■*  » 

N  MV  ^  - 
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X*(«)  <  -Mq  for  £  €  (0,«o] 

where  Kx  is  the  constant  defined  in  Lemma  3.4  and  X*(e)  is  the  second 
eigenvalue  of  Z|. 

(iii)  There  exists  a  positive  constant  d0  independent  of  t  €  (0,£o]  such  that 
u+(x,£)  is  monotone  increasing  over  the  interval  [-td0,£d0]. 

Proof.  Finding  such  a  family  of  equilibrium  solutons  of  (1.1),  (1.2)  is 
equivalent  to  finding  a  family  of  solutions  (a(£),v(€))  of  the  problem  (4.1). 
By  Lemma  4.2,  the  later  one  is  reduced  to  solving: 

B(oc,€ )  -  0 

where  B(a,£)$x(£)  =  \1(e)a^1(e)  +  E[G(«)  +  F(a$x(£)  +  v*( <*,£),£)].  From  Lemmas 
3.4,  4.2,  it  follows  that 

(4.9)  B(a,£)  «  T0£J  +  o(£J)  +  (Kj£  +  o( £ ))ot  +  oO)**2  +  O(o3) 

in  which  T0  is  given  by: 

(4-10)  T0  -  f  zo(t)[ffuu(zo(t),0)Zl(t)J  +  fux(zo(t),0)tz1(t) 

and  o(£2)/£2  -*  0  as  £  -*  0,  o(l)  -  0  as  £  -  0.  By  applying  the  implicit 
function  theorem  to: 

(V«*)B(£«,£)  -  0 

one  can  show  that  there  is  a  unique  solution  (<x*(£),t)  of  B(<*,£)  -  0  for 

J « |  <  c0,  £  €  (0,€o],  which  satisfies 

(4.11)  «*(€)  -  (-To/KjJc  +  0(£)  as  £  -  0. 

Therefore,  (a*(€),v*(ot*(£ ),£),£)  is  a  unique  solution  of  (4.4)  for  |a|  <  c0, 

«  €  (0,  £  0J. 


Now,  our  desired  solution  u+(x,«)  is  given  by 

(4.12)  u+(x,e)  -  U(x,«)  +  ot*(04>!(x,«)  +  v*(a*(e),€). 

Since  it  follows  that  |$i(  «£) | j,«  <  kj|zo(0)|,  |ot*(£)|  *  0(«),  and 
|v*(o*(€),€)|  j  e  -  0(«2)  from  Theorem  3.1,  Lemma  4.2,  and  the  estimate  given 
above,  one  obtains 

(4.13)  |u+(-,€)  *  u(-.£)|j,e  -  °(£) 

which,  along  with  the  construction  of  U(-,«),  proves  part  (i). 

In  order  to  prove  part  (ii),  one  just  follows  the  same  procedure  as  in  the 
proof  of  Lemma  3.4  to  obtain 

40  40 

[lim  X*(e)/« J  |  z0(t)2dt  =  j  [fuu(zo(t),0)z,(t)  +  fux(zo(t),0)t]zo(t)2dt 

in  which  zx(t)  «  (-T0/K1)z0(t)  +  zx(t).  The  subsequenct  computations  in  the 
proof  of  Lemma  3.4  is  valid  as  well  in  the  present  situation,  since  zx  satisfies 
the  non-homogeneous  linear  equation 

z,  +  fu(z0(t),0)Zj  +  fx^oW’0)1  *  °- 

Therefore,  one  can  conclude: 

lim  X?(c)/€  -  K... 

€-0  1  1 

As  for  the  existence  of  such  a  constant  Hq  >  0  as  to  satisfy:  X*(c)  <  - uQ  for 
€  €  (0,€0J,  one  can  follow  the  arguments  which  led  us  to  Theorem  3.1  (iii). 
This  completes  the  proof  of  part  (ii). 

To  prove  part  (iii),  let  us  notice  that,  for  |x|  <  l/* 

«u|(x,€)  -  Z0(x/«)  +  €Zj(x/€)  +  0(*(  i  )t  Q*  (x,€ ) 

+  6(dv*(o*(€),€)(x)/dx). 

Since  | ot*(€)^x(  - ,€ )  +  v*(o*(«),c)  j2  t  -  0(«),  and  zQ(t)  >0  for  t  €  R,  one  can 
choose  d0  >  0  so  that 
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inf  (z0(t);  |t|  <  d0}  >  |£z,()  +  ta *(€)<*>j'(  •,€)  +  €v*(ot*(e),0 '  |0 
for  €  €  (0,€o]  (by  reducing  e0  >  0,  if  necessary).  For  this  choice  of  d0, 
u.J.(x,€)  >  0  for  | x  |  <  €d0,  e  €  (O.cJ.  This  completes  the  proof  of  Theorem 
4.3. 

Remark  4.4.  We  could  construct  another  family  of  equilibrium  solutions  of 
(1.1),  (1.2)  with  a  single  transition  layer,  which,  however,  "jumps  down"  from  1 
to  0  as  x  passes  zero  from  left  to  right.  We  state  this  as 

Corollary  4.5.  If  (A-l),  (A-2)  and  (A-3)  are  satis fsied,  then  there  is  a  family  of 
equilibrium  solutions  u  (x,«),  for  t  €  (0,€o],  of  (1.1),  (1.2)  with  the  following 


& 


properties. 

(i) 


limu  (x,«) 
€-0  ‘ 


fl  compact  uniformly  on  [-1,0) 
.0  compact  uniformly  on  (0,1] 


and 


|u_(-,«)  -  U.(-,«)|Jt  -  0(6)  as  e-0 

(ii)  If  ti  :  X  -•  Y  is  defined  by  =  eJv"  +  fju  (x,c),x)v,  then  the 

first  eigenvalue  X*(€)  of  £$  satisfies 

X *( 6 )  *  -Kj€  +  0(e)  as  t  -  0 
and  there  exists  a  positive  constant  nQ  such  that 
X j( 6 )  <  -M0  for  6  €  (0, € q] 
where  X*(6)  is  the  the  second  eigenvalue  of 

(iii)  There  exists  a  positive  constant  d0  independent  of  i  €  (0,€ 0]  such  that 
u_(x,€ )  is  monotone  decreasing  over  the  interval  [-€d0,6d0]. 


lA*’.  v,  »\  t.s.  •'.■'"'■.-v-'-'.''’, J". f. 


*‘i  (  l 


mJt 


>■«  i.>  «t 
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Proof.  First  of  all,  we  have  to  construct  our  approximate  solution  Uj(x,t). 
This  is  achieved  exactly  in  the  same  way  as  was  done  for  U(x,€),  except  for 
the  following  two  steps: 

1)  z0,  a  solution  of  (2.3),  is  chosen  such  that 

z0(-«)  =  1,  z0(+»)  =  0 

2)  U_(x,€ )  =  t0(x)Z(x/«,€)  +  4.(x) 

in  which  (x)  is  a  smooth  cut-off  function  define  by: 

;_(x)  =  0  ,  x  €  [0,1] 

-l-t0(x),  x  €  [-1,0] 

The  remainder  of  the  proof  of  Corollary  4.5  is  identical  to  that  of  Theorem 
4.3. 

Remark  4.6.  Theorem  4.3,  Corollary  4.5  give  not  only  the  existence  of 
equilibrium  solutions  of  (1.1),  (1.2),  but  also  their  stability  properties. 

Theorem  4.7.  The  equilibrium  solutions  u±(-,t)  are  asymptotically  stable  for 
<  >  0  small  if 

(4.14)  u;(0,€)j'(0)  >  0 
and  unstable  if 

(4.15)  u'(0,€)j'(0)  <  0. 

Remark  4.7.  In  the  statement  of  Theorem  4.3  (i),  we  could  slightly  improve 
the  modulus  of  approximation  |u+(-,€)  -  U+(-,€)|Je  by  choosing  zx(t) 

carefully.  When  z0(t)  is  chosen  so  as  to  satisfy  the  condition  (2.8),  the  problem 
(2.4),  (2.6)  has  a  one-parameter  family  of  solutions  z,(t)  «  cz0(t)  +  zj(t),  where 


zj(t)  is  a  unique  solution  of  the  problem  (2.4),  (2.6)  normalized  so  that 
zf(0)  =  0,  z’J(O)  =  0  hold.  We  shall  show  that,  by  choosing  appropriately  the 
coefficent  c  of  z0(t)  in  the  expression  of  Zjft),  the  number  t0  in  (4.10) 
can  be  made  equal  to  zero.  This,  in  turn,  implies  that  |u+(-,€)  -  U(-,€)|2€  = 
o( € ),  in  view  of  the  proof  of  Theorem  4.3.  Now,  ||z0 ||l2  to  *s  written  as 


[  L  2  T0  =  ^  I0 

1 L 


in  which 


l2  “  f  fuu(zO(t),0)zo(t)Sdt 

h  =  f  [fUu(Zo(t)>0)io(t)lz^t)  +  fux(z0(t)'°)tZo(t)2]dt 

*  _00 

and  I0  is  a  constant  which  does  not  depend  on  c.  Integrating  by  parts,  one 


easily  obtains 


I,  “  fmi(u,0)(-2F(u))du  -  -2 


‘2  ‘uu 

J0 


fr>, 

n 


0)f(u,0)du  =  0 


[j  =  [  f(zo(t),0)[z*(t)  +  fu(zo(t),0)z*(t)  +  fx(zo(t),0)t]dt 

•  00 


-  j  (0) 

-  -j'(0)  *  0. 

Therefore,  by  setting  c  *  Iq/J^O),  one  can  make  T0  -  0. 
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5.  Several  transition  layers 

In  this  section,  we  extend  our  previous  results  to  the  cases  in  which  several 
transition  layers  can  occur.  We  consider  the  problem  (1.1),  (1.2)  under  the 
assumptions  (A-l),  (A-2),  and  (A-3)*: 


tj 


(A-3)'.  If  J(x)  =  Jjf(u,x)du,  x  €  [-1,1]  as  before,  then  there  exist  n  points 
Xj  €  (-1,1),  Xj  <  xi+1,  i  =  0,1,- • -,n  with  x0  •=  -1,  xn+1  =  1,  such  that  the 
following  conditions  are  satisfied: 

(i)  J(Xj)  =  0  i  =  l,..-,n 

(ii)  dJ(x)/dx|x=Xi  *  °»  1  “ 

(iii)  I  f(s,Xj)ds  <  0  for  u  €  (0,1),  i  -  l,-  -,n. 

•*0 

We  intend  to  construct  a  family  of  equilibrium  solutions  of  (1.1),  (1.2) 
which  exhibits  transition  layer  phenomena  at  the  points  x  *  x;,  i  =  l,-  -,n. 

Let  us  begin  with  constructing  approximate  solutions.  In  virtue  of  the 
results  in  §2,  one  can  find  the  solutions  of  the  following  equations. 
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(5.5)  f  Zo.iK^f^Zo.iCtXXiKzi.iC1))1  +  fXu(zo,itt)’xi)tzU(t) 

J  _OD 

+  2  fxx(Z0,±(t)*Xi)t2ldt  =  0 

which  determines  z\  ±  uniquely  for  i  ■  The  significance  of  the 

condtion  (5.5)  is  clarified  in  Remark  4.7.  When  (5.5)  is  satisfied,  the  order  of 
the  approximate  solution  is  improved.  However,  even  if  (5.5)  is  not  satisfied, 
the  stability  analysis  below  is  unchanged. 

Let  d0  and  Xj,  i  -  0, •  • -,n  be  defined  by 
2d0  =  min{xi+1  -  xs J i  -  0,-  -,n} 

xi  “  2<xi+1  +  xi)’  »  -  0,1,-  -,n. 

We  also  let  Z'±(t,€)  be  defined  by 

(5.6)  Z‘t(t,€)  -  z*,±(t)  +  ez^d),  i  -  l,-  -,n. 

By  using  the  notations  defined  above  and  the  smooth  cutoff  functions  60,C+. 
and  our  approximations  Un  t(x,e)  are  defined  by: 


=  0  (=1  for  Un_) 

*  t0((x*xi)/d0)Z,±((x-xi)/€,€) 

+  ^((x-xp/d^ 

un,±(x>€)  *  5o^x*xi)/do)z±^x‘xi)/€«€) 

+  i*((x  *i)/d0) 


for  x  e  1-l.x,] 

for  x  €  [X;,xi+1] 

i  =  2j  +  1 


j  « 

for  x  €  [Xi,x,+1] 

i  -  2j,  j  =  1, ••  -  ,[n/2] 


0  (1  for  U„J 
1  (0  for  U„.) 


for  x  €  [x  j,l]  if  n  is  even 
for  x  €  [xn+1,l]  if  n  is  odd 


The  functions  Un+(x,«)  will  be  our  approximation  to  equilibrium  solutions 


mum m 


<  .  •  *  1.  ^  «Tn  <• 

v  v  •)  v  r  ji  vv 
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of  (1.1),  (1.2).  Changing  variables  in  (1.1)  by:  u  — *  u  +  Un  ±  the  new  ] 

function  u  is  subject  to  the  equation  ! 

i 

(5.8)  du/dt  =  I**-*  u  +  Gn±(t)  +  F£(u,€)  I 

and  the  boundary  conditions  in  (1.2),  where 

(5.9)  ^-"^u  =  £Ju"  +  fu(Un±(x,e),x)u  ] 

(5.10)  G^(€)(x)  =  £2u"  ±(x,£)  +  f(Un  ±(x,€),x)  | 

(5.11)  F£(u,f)(x)  =  f(Un  ±(x,£)  +  u,x)  -  f(Un  ±(x,€),x)  ; 

-  fu(Un±(x,£),x)u  | 

Since  the  main  line  of  argument  in  the  sequel  is  irrelevant  to  whether  we  j 

( 

choose  Un  +  or  Un_  as  our  approximation,  we  simply  denote  Un  ±,  I£,n,±,  J 

and  FJ  by  Un,  ££,n,  Gn  and  Fn  respectively.  However,  the  stability  • 

property  of  the  equilibirum  solutions  of  (1.1),  (1.2)  depends  on  the  choice 
between  Un  +  and  Un  _  (see  Lemma  5.2,  Theorem  5.4).  \ 

We  first  examine  some  spectral  properties  of  the  linear  operator  £e,n. 

\ 

Lemma  5.1. 

(i)  The  first  n  eigenvalues  of  f£,n,  Xj(£)  >  X2(e)  >••  •>  Xn(€),  approach 
zero  as  £  tends  to  0. 

(ii)  Let  $j(x,€),  j  «  l,-  .,n  be  an  eigenfunction  of  ££,n  coresponding  to 
Xj(£),  then  one  has: 

^(Xj +€t,£)/0j(xi  ,£)  — »  z{,  t(t)/z|)  ±(0)  as  £  ■*  0 
in  Cfoc(R),  for  i,j=l,-  ■  -  ,n. 

(iii)  There  exists  a  positive  constant  kQ  such  that 

|4>j(xi+£t,£)|  <  k0 1 ^(Xj.f) je'2^ 11 1  for  |t|  <  d0/£ 


(iv)  The  remaining  eigenvalues  of  I£,n 


are  bounded  away  from  zero;  namely, 


Proof. 

(i) 


(5.12) 


there  exists  a  positive  constant  >  0  such  that 
Xn+1<€)  <  *<*0  f°r  €  €  <°'€ol- 

The  proof  is  an  obvious  modificaiton  of  that  of  Theorem  3.1. 

Let  0  (x,€,X)  be  the  solutions  of  (3.4-b)x,  in  which  U  is  replaced  by 
Un,  with  initial  data  0_(-l,«,X)  =  0,  for  X  €  [-B2/2,B2/2].  It  is 
sufficent  to  show  that,  for  any  X  e  (0,82/2],  there  exists  c0(X)  >  0 
such  that 

0.(1, €,X)  <  0,  0.(1, «,-X)  >  (n-l)n 

for  €  €  (0,€o(X)].  We  shall  prove  (5.12)  for  the  case  of  n  =  2.  For 
the  case  in  which  n  >  3,  (5.12)  follows  from  repreated  application  of 

the  arguments  below.  If  0o(x,€,X)  is  the  solution  of  (3.4-b)x  with 

initial  data  0o(x2,e,X)  **  0,  then,  the  proof  of  Theorem  3.1  (i)  implies 
that  0.(x2,€,X)  <  0o(x2,e,X)  -0  for  €  e  (0,?o(X)].  If  0+(x,t,X)  is 

the  solution  of  (3.4-b)x  with  9+(l,€,X)  =  0,  then,  applying  the  proof 
of  Theorem  3.1  (i)  to  0O  and  0+,  one  obtains: 

e0(U,x)  <  e+(i,€,x)  =  0  for  €  €  (o,?0(x)]. 

Therefore,  for  €  €  (0,«o(X)],  with  e0(X)  =  min  {?0(X),  ?0(X)}, 

0.(1, €,X)  <  0O(1,€,X)  <  0+(i,€,X)  =  0. 

On  the  other  hand,  if  0o(x,€,-X)  is  the  solution  of  (3.4-b).x  with 
0o(x2,«,-X)  =  n/2 ,  then  it  follows  from  Theorem  3.1  that  n/2  =  0o(x2,€,-X) 
<  0_(x2,€,-X)  <  n  for  «  e  (0,F0(X)].  Denoting  by  6+(x,e,-X)  the 

solution  of  (3.4-b).x  with  0+(l,€,-X)  *  n,  and  applying  the  arguments  of 
Theorem  3.1  (i),  it  follows  that  0Q(  1  ,€ ,- X)  >  0+(l,€,-X)  =  n,  for  c  € 


(0,?o(X)].  Therefore,  for  e  €  (0,€0(X)],  one  obtains 

e_(i,€,-v)  >  e0(i,f,-x)  >  n 

where  €0(X)  =  min  (70(X),  ?0(X)}.  This  completes  the  proof  of  part  (i) 


In  vie*  of  part  (i),  part  (ii)  follows  from  the  proof  of  Lemma  3.4,  and  part 

(iii)  follows  from  the  same  type  of  arguments  as  the  proof  of  Theorem  3.1  (ii). 

The  proof  of  part  (iv)  is  essentially  the  same  as  that  of  Theorem  3.1  (iii). 

n-1 

In  fact,  if  one  defines  e±(x,€,X)  for  x  €  (  U^[x4  +  «t0,xi+1-ct0])  u  (-l,Xj-et0)  u 
[x„+€t0,l]  by: 

[f u(Un(x,£  ),x)  -  X]  cosJ©±  +  sin20i  *  0 

-  n / 2  <  e_(x,«,x)  <  -  e0 

e0  <  e+(x,«,x)  <  n/2 

for  |  x  |  <  8*/a,  0  <  «  <  70 

in  which,  tQ,  70  are  chosen  in  such  a  way  that  the  condition  (3.7)  is  satisfied. 
In  order  for  the  value  Xn(«)  -  u  to  be  the  (n+l)"th  eigenvalue  of  f£,n,  it  is 
necessary  that  there  exists  at  least  one  index  j  €  { 1 ,  •  -  - ,n)  for  which 

®_<Xj  +  «t0,€,Xn(«)  ■  #)  >  °4X)  +  et0'f.X„(f)  •  ^  •  kS€  +  ff- 

and 

8_(Xj  -  €t0,e,Xn(«)  -  n)  <  e,(xj  -  €t0,€,Xn(€)  -  H)  +  2k3€ 
hold.  Now,  following  the  arguments  in  the  proof  of  Theorem  3.1  (iii),  one  can 
find  a  positive  constant  ^  such  that 

Xn+l(€)  <  -H&  for  €  €  (0, € 0J. 

If  we  define  u0  »  mining;  j  -  I,---,n},  then  it  follows  that  Xn+1(«)  (  -n0  for 
e  €  (0,€ 0].  This  completes  the  proof  of  Lemma  5.1. 

In  the  next  lemma,  the  asymptotic  estimates  on  L(t),j«l,- •  -,n  are  refined. 
Let  us  define  K*  by: 


(5-13)+  K+  -MV  f1fx(u,xi)du/ f  [z‘(t)]2dt,  i  =  l,  -,n 

Jo  J  .00 

and 

(5-13).  K:  «  (-l)i+1  ff^u.x^du/f  [z‘(t)]2dt,  i  =  1 , -  •  •  ,n. 


Lemma  5.2.  Let  {K.jt}"_1  be  a  rearrangement  of  the  sequence  in  such 

a  way  as: 

Kf  >  K±  >  >  K* 

Then,  the  first  n  eigenvalues  j  *  l,--,n,  o/  satisfy: 

(5.14)±  X*(£)  -  eK*  +  o(«)  as  £  -  0 


In  order  to  prove  this  result,  we  need  another  lemma.  Let  ?j(£),j=l, •  •  -,n 
be  the  first  n  eigenfunctions  of  the  linear  operator  *£>n  normalized  so  that 
(5.15.)  <$(«), ?j(e)>  -  By,  •  •  -,n. 

where  <u,v>  =  J‘1u(x)v(x)dx  is  the  usual  scalar  product.  Because  of  the 
normalization  (5.15),  sr |^( ■  ,€) |Q,  j  ■  1,- • -,n,  are  bounded;  hence,  by  reasoning 


as  before.  Lemma  5.1  (ii)  implies: 


(5.16) 


VT  */x.  +  £  t,€ )  -  ajjZ*,  ±(t)  in  Cp^P)  as  £  -  0 


for  j,i=l,  -  -,n,  where  a~,  i,j=l,---,n,  are  some  real  constants. 


Lemma  5.3.  If  A  :  «  (a.j)Pj=1  is  the  n  x  n -matrix  with  its  entries  a;j 
defined  in  (5.16),  then  it  follows  that: 

det  A  *  0 

and,  in  particular,  A  is  invertible. 


Proof.  In  virtue  of  (5.16)  and  Lemma  5.1  (iii). 


wi 


•j.  *»  '  «  /  •  -  V  *  */  "  *  V  V  V  ">  */  ", 


<^i(€),?j(e)>  -  E  [  ^  ^(x,€)^.(x,€)dx  +  0(e'6/e) 

k=l  J  xk-d0 

=  I  €  r0//  ?j(xk  +  et,e)^(xk  +  et,€)dt  +  O(e'0/€) 
k=i  J-d0/£ 

n  rV*  o 

=  £  [v^’?i(xk  +  £t,€)][/r^(xk  +  €t,€)]dt  +  0(e‘B/€) 

k=lJ-d0/€ 

•*  ^  aikajkf  [Z&Ol’dt  -  E  (aik  11^0 |p(ajk  11^0 IP 

k=l  i  -°°  k= 1 

as  €  -*  0  for  i,j  =  1,  •  • -,n.  In  view  of  the  normalization  (5.15),  one  obtains: 


3 

S 

$ 


I 

V 

y 


5? 


; 


I 

i 


(5.17) 


E  a  ika  jk  “  8ij  i.j*1.-  •  >n 

k=l 


where  aik  -  aik||zQ,t||.  The  relations  in  (5.17)  mean  that  the  matrix  A  =  (a;j) 
is  an  orthogonal  matrix,  and  hence  det  A  -  1.  From  this,  it  follows  that 

del  A  -  <d«  A)  n  pSc*  -  kn  *  0. 


Proof  of  Lemma  5.2.  Consider  the  eigenvalue  problem 


(5.18) 


r€-nu  =  Xu. 


The  method  of  Liapunov-Schmidt  will  be  used  in  order  to  obtain  a  system  of 
n  equations  which  the  first  n  eigenvalues  X.(«),  j  *  l,---,n,  should  satisfy. 
This  system  of  n  equations  then  will  be  "diagonalized"  by  using  the  matrix 
A  which  is  defined  above. 


If  we  let  ^(x,€)  *  €'”i0((x-x.)/d0)zj)i±((x-xi)/£)  i«l,---,n,  then  Supp  </>;(€)  n 
Supp  <J>j(«)  is  empty  for  i  *  j,  and  therefore,  {^(c), •  •  -.0n(€)}  spans  an  n- 
dimensional  subspace  in  X  (and  hence  in  Y).  We  define  a  continuous 


fc.l 


projection  En  onto  •  *  -  ,^n(«)]  by 


(5.19) 


EfcU  ■  Z  <^k(€),u>$k(«)  for  u  €  Y. 

k=l 


The  spaces  X  and  Y  are  decomposed  in  accordance  with  E 


(5.20) 


X  =  [^(O,  -  -.*n(0]®xn 
Y  =  [^(c),--  -,*n(€)]«Yn 


in  which  X  and  Y„  are  the  null  spaces  of  E„  in  X  and  Y 

n  n  r  n 

respectively.  These  spaces  are  also  decomposed  as: 


(5.21) 


X  =  [01(€),->n(€)]«Xn 
Y  -  [^(€),---,0n(€)]© Y„ 


for  e  €  (0,€0J. 


This  is  easily  seen  by  observing  that: 


[VHlI2]  <  */«>>  ^  ajj 


as  €  ■*  0  for  i,j=l,  •  •  -,n 


and  A  =  (a^)  is  invertible.  Let  En  be  the  projection  onto  [^(c),  • 
along  the  subspace  Yn,  which  is  defined  by: 


■.*„(«> 


(5.22) 


Enu  »  Z  ck(u)0k(e)  for  u  €  Y 
k=l 


in  which  ck(u)  is  determined  by: 


(5.23) 


E  <^(«),  ^k(«)>  Ck(u)  -  <^(e),u>,  i=l,  •  •  -,n  . 
k=l 


If  we  let  u  =  Z  +  v  with  a  -  (c^,  ■  ,an)  €  R"  and  v  €  Xn,  then,  ir 

k=l 

terms  of  decompositions  in  (5.21),  the  equation  (5.18)  is  equivalent  to: 
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(5.27)  I  <^\>  ck(te>n4>.  -  \4>}) 

k=l 

-I  (  f0/  ^  ^xk  +  «t,«)z*(t)dt  +  0(e-6//j€)]ck(S€  •n*j-  X^) 

k=l  L  j-d0/4€  J 

-  E  {aik  +  o(l)}ck(*€ ■n</»j(€)  -  v^(€))  -  E  (aik  +  o(l))A(£,X)kj. 
k=l  k=l 


One  should  notice  that  the  last  term  in  (5.26)  is  written  as: 

ile  |  ^^i(xj  +  <t,€)(fu(ZJ(t,«),xj  +  € t)  -  fu(zj)(t),xp-X]z^(t)dt 

L  -do/4f 

+  0(e‘®/se)j 

-  taij{  J  +  ^(Zod^XjJtKzidW’dt 

OD 

-  [^(t)]2dt  +  o(l)}. 


Equating  this  expression  to  the  last  term  in  (5.27)  and  using  the  fact  that  A  = 
(a;j)  is  invertible,  one  obtains: 

(5.28)  £A(€,X)  .  diag  (O^c.X),. . -,♦„(«, X))  +  o(l)  as  e  -  0 


in  which 
(5.29) 


-  f  [fuu^Jo.±(t)’xj)xj>zi.±(t)  +  fux(zo,±(t)’xj)tl[io.±(t)l2dt 

*  .09 

09 

-(V€)f  [Z£i±(t)]’dt 
J  .00 

1  00 

-  (-Dj*+1f  fx(s,x)ds  -  (x/«)f  [z£  ±(t)]2dt 

Jq  J  -• 


and  j*  -  j  -  1  if  *  ■  j*  -  j  if  *  -  This  formula  is  a  consequence 

of  the  computations  in  the  proof  of  Lemma  3.4.  Since  the  first  n  eignevalucs 
X?(£),  j  *  l.  -  .n,  are  characterized  by:  det  A(£,X?(£))  -  0,  (5.28)  (5.29)  imply 


that  there  is  a  one-to-one  mapping 


p  :  {1,  •  -,n)  -  { 1. -  •  -,n) 

such  that: 

1  00 

Urn  Xjtf)/€  -  (-1)P(J>*+1  f  fx(u,xp(j))du/ [  [z^  ]2dt. 
€  Jo  J  -<» 

From  the  definition  of  i*  and  (5.13),  it  follows  that 

linj  \p)/t  =  l£(j)  ,  J  -  1,  -  ,n. 

In  view  of  the  fact,  X*(«)  >  X*(£)  >  •>  x*(£),  this  implies: 


t^xf(€)/€  “  K*  J  *  !>  •  »n 

completing  the  proof  of  Lemma  5.2. 

Before  stating  the  main  result  of  this  section,  we  define  two  subsets  flQ 
and  Ox  of  [-1,1]  by: 


% 

*  l-l,Xj)  U  (X,,XS)U.  ■  U(xn,l] 

if 

n 

is 

even 

-  [-l.x^U- 

'U^Xn-l,Xn^ 

if 

n 

is 

odd 

°1 

=  (Xj,X2)U- 

U(Xn-l’Xn) 

if 

n 

is 

even 

-  (Xj.XjJU- 

U(Xn-rX„-lMxn,l] 

if 

n 

is 

odd 

Theorem  5.4.  Suppose  the  conditions  (A-l),  (A-2),  and  (A-3)'  are  satisfied.  Then 
there  exist  a  constant  €Q  >  0  and  two  families  of  equilibrium  solutions  un±(x,«) 
of  (1.1),  (1.2)  for  «  €  (0,€o]  with  the  following  properties: 


(i) 


I€i^U".+(X,£) 


0  on 
1  on 


compact  uniformly 
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1  on  fi0 

lim  un  (x,€ )  =  compact  uniformly 

£~°  o  on 


and  |Un,±(’£)  '  Un,±^  -  ’€>  1 2,€  “  °(€)  aS  £  "* 

(ii)  If  JC^,n,±  :  X  -•  Y  are  defined  by: 

v  3  €av"  +  fu(un  t(x,€),x)v 

then,  the  first  eigenvalues  X.(£,n,±),  j  »  l,--,n,  of  2j,n,±  satisfy: 

\j(£,n,±)  *  Kj*£  +  o(«)  as  e  -  0 

and  there  exists  a  positive  constant  pQ,  independent  of  e  €  (0,«o]  such  that: 
Xn+1(e,n,±)  <  -Hq  for  €  €  (0,eo], 

(iii)  There  exists  a  constant  dr  0  <  dj  <  d0,  such  that  the  functions 
un±(x,£)  are  monotonic  over  the  intervals  [x-  -  £dj,  x-  +  tdj],  j  =  l,  --,n.  More 


precisely: 


j  =  1,2,  •  ■  -  ,n. 


*  (-l)J+1u'nt(x,«)  >0  for  x  €  [Xj  -  edj.Xj  +  fdj 


Proof:  The  proof  is  essentially  the  same  as  that  of  Theorem  4.3.  We  define 
$j(x,€ )  by:  4>j(x,€)  *  /r  ^(x,€),  j  «  l,-  -,n  where  ^  are  the  j-th  eigen¬ 
functions  of  2£ ,n,  j  *  l,--  -,n,  normalized  in  such  a  way  as  in  (5.15).  According 
to  the  decompositions  in  (5.20),  the  equilibrium  solutions  of  (5.8)  and  (1.2)  must 


satisfy: 


(5.30) 


a)  *£-nv  +  (I  -  En)Gn(«)  +  (I  -  En)Fn(  e)  +  v,«)  «  0 

b)  I  aiXi(€)^j(€)  +  E  G"(()  +  EnFn(  E  «!(()  +  v,c)  =  0 

.  j=i  J  1  J  j=i 


WWW 


in  which  u  is  replaced  by  E  o^.(f)  +  v,  €  R,  v  €  Xn.  The  equation 

(5.30-a)  is  uniquely  solved  in  v  as  a  function  v  «  v*(a,c)  of  (oc,«)  in  a 

neighborhood  of  (<m)  ■  (0,0)  €  R"  x  R+.  v*(ot,c)  is  continuous  in  (a,€)  and 

is  as  smooth  in  a  as  f(u,x)  is  in  u.  Moreover, 


| v*(ot,c)  j  j  j  -  0(e3  +  | oe | *)  as  6,  | ot |  -*  0. 

Substituting  v=  v*(a,e)  in  (5.30-b),  one  obtains  the  bifurca'ion  equations: 

(5.31)  B(o,€)  =  0, 

where  B(a,€)  =  (B^o^e), •  •  •  ,Bn(a,«))  is  defined  by 
Bj(ot,c)  =  a.X^)  +  f  <Gn(e),<t>j(e)> 

+  f  <Fn(  +  v*(a,€),e),0j(e)> 

for  j  -  1,-  •  -,n. 

We  shall  show  the  solvability  of  (5.31)  by  computing  first  few  coefficients 

n 

of  the  Taylor  expansion  of  B(a,€)  in  a.  If  we  let  B(a,€)  =  B(°Ve)  +  E 

n  1  J  i=i 

Bjif,(€ )**!  +  .  ^  j  Bj?l(e)aiotk  +  O(|oc|3)  then,  employing  Lemma  5.1  -  (ii),  we  can 
easily  obtain: 

Bj0)(«)  -  f  <Gn(€),^(€)>  +  f  <Fn(v*(  •,  e),e),$j(e)> 

-  f  <Gn(€),4>j(€)>  +  0(€4) 

-  €2JEiajlTl  +  0(«2)  "  0(€*) 

wherc  T|  *  [  if  fuu(Z^(t),X|)z{(t)2  +  f^z^t),  X|)tzJ  (t) 

*  .00 

+  f  f^zJtXxjH’jz^Odt 
*  0  (by  virtue  of  (5.5)) 

and  ajj 


are  the  constants  defined  in  (5.16).  The  same  type  of  computation 
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shows 

B|j}(0  =  if  (€)  +  0(e)  =  K*€  +  o(e),  j  =  1,-  -,n 
B\p(€)  =  0(e2)  i  *  j, 

n 

Bjik(f)  -  i  E  ajiaiiaki  fuu(z^t),X|)[z*(t)]sdt  +  0(1) 

=  o(l)  j,i,k  -  1,-  •  -,n 

in  which  o(t)/£>  o(l)  -»  0  as  e  -»  0.  Therefore,  the  bifurcation  equations 
(5.31)  read  as  the  following: 


o(e2)  +  e 


■K.i 

0  ' 

“l 

.0 

Kn. 

•  “n- 

+  N(e)cc  +  o(  1  )0(  I  a  1 2)  +  0(|a|s)=  0 


in  which  N(e)  is  a  certain  n  x  n  matrix  with  zero  diagonal  entries  and 
|N(e)|  =  0(e2).  Now,  applying  the  implicit  function  theorem  to  ^-2B(ae,e)  =  0, 
one  obtains  the  solution  of  (5.31),  ctj  -  a?(€),  with  a?(e)  «  o(e),  j  =  1, •  • -,n. 
The  desired  families  of  equilirium  solutions  of  (1.1),  (1.2)  are  given  by: 


■k 

V 

V 


r«, 

1 


£ 


u„i±(x,0  "  Un,±(X’€)  +  j?1<f(<)^?X,<)  +  V*(«*(£X£ 


The  rest  of  the  proof  is  nearly  identical  to  that  of  Theorem  4.3.  This 
completes  the  proof  of  Theorem  5.4. 

Remark  5.5.  Theorem  5.4  also  implies  that  the  equilibrium  solutions  un±(-,f) 
are  hyperbolic  and  that  the  index  of  them,  Ind(un  ±(  ■,())  :  «  dim  Wu(un  ±( -,«)),  is 
obtained  by  looking  at  the  signs  of  K.*,  j  -  l,--,n.  Namely, 


(5.2) 


Ind(u  n  ±(  •,«))  -  Card{j|Kf  >  0} 


and  from  (5. 1 3)±  it  easily  follows  that: 

(5.33)  Ind(un+(-,€))  +  Ind(u „.(  ,€))  -  n. 


■s-j 

vt 

5.1 

M 


$ 


I 


% 

4 


>\ 

A 


1 


6.  Generalizations. 


In  this  section,  we  generalize  the  results  in  previous  sections  for  the 
following  parabolic  equation 

(6.1)  ^/St  =  €*(a(x)u')'  +  f(u,x),  x  €  [-1,1],  t  *  0 
subjected  to  the  Neumann  boundary  conditions 

(6.2)  u'(-l,t)  -  0  -  u'(l.t). 

The  functions  a  and  f  will  satisfy  the  conditions: 

(B-l)  a  :  [-1,1]  -*  R  is  C°°-function  of  x 

f  =  R  *  [-1,1]  -»  R  is  a  C*-function  of  (u,x) 

and  there  exist  two  functions  hQ(x)  and  hj(x)  of  class  C°°,  and  a 

constant  a0  >  0  such  that 


(i) 

a(x)  >  a0. 

(ii) 

f (hj(x),x)  «  0,  x  €  [-1,1],  i  *  0,1 

(iii) 

h;'(±l)  =  0,  i  =  0,1 

(B-2) 

There 

exists  a  positive  constant  6 

such  that 

fu(hj(x),x)  <  -3B2,  x  €  [-1,1],  i  -  0,1. 

fhj(x) 

(B-3) 

If  we 

define  J(x)  «•  f(s,x)ds,  x 

€  [-1,1]  then  there  exist  n  points 

JM‘) 

Xj  €  (-1,1),  Xj  <  xj+1,j  -  I,  ,n  -  1 

such  that: 

(i) 

J(xp  *  0,  j  -  1,  ■■  -,n 

(ii) 

J^xp  *  0,  j  *  1,-  •  -,n 

(iii) 

S  f(s,Xj)ds  <  0  for  u 

JVxj) 

in  the  open  interval  between 
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Under  the  hypotheses  (B-l)  -  (B-3),  it  is  natural  to  expect  that  the  same 
type  of  results  as  in  Theorem  5.4  will  be  true  for  the  problem  (6.1),  (6.2).  In 
fact,  we  shall  show  the  following. 

Theorem  6.1.  Suppose  that  the  conditions  (B-l),  (B-2)  and  (B-3)  are  satisfied.  Then, 
there  exist  a  constant  €0  >  0  and  two  families  of  equilibrium  solutions  of  (6.1),  (6.2), 
un  t,  for  which  the  statements  (i),  (ii)  and  (iii)  of  Theorem  5.4  are  valid,  with  the 
statement  (i)  replaced  by 

h0(x)  on  Hq 

(i)  lim  un+(x,«)  -  compact  uniformly 

£"*^  '  hA(x)  on  ftj 

k.  4 

*  * 

hj(x)  on  n0 

lim  u„.(x,£)  =  ■  compact  uniformly. 

€"*°  ’  hQ(x)  on  Hj 

-  4 

In  order  to  prove  this  result,  we  need  the  following 

Theorem  6.2.  Under  the  assumptions  (B-l)  and  (B-2),  there  exist  a  constant 
€j  >  0  and  two  families  of  equilibrium  solutions  w;(x,€),  i  =  0,1,  of  (6.1),  (6.2), 
defined  for  £  €  (0,£j  such  that: 

(i)  Iw^-.c)  -  hj(  - )  1 2  -  0(€2)  as  t  -  0,  i  =  0,1 

(ii)  wi(-,«),  i  *  0,1,  £  €  (0,£ j]  are  asymptotically  stable  solutions  of 

(6.1),  (6.2). 

(iii)  The  families  w^-.f),  i  «  0,1,  are  unique  with  respect  to  the 
property  ;  |  Wj( -,£)  -  hj(  •)  |0  -  0  as  e  -  0. 
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(iv) 

If  we 

define 

wj(x,0)  =  hj(x),  i  =  0,1, 

then  the  functions 

Wj(x,€), 

£Wj'(x,€) 

and  £2wi"(x,e),  i  =  0,1, 

are  C2- functions  of 

(x,€ )  on  [-1,1]  x 

[0,£]. 

Since  the  proof  of  this  theorem  is  identical  for  both  i  =  0  and  i  =  1, 
the  subscript  i  will  be  suppressed  in  the  sequel. 

By  the  change  of  variables  u  =  v  +  h(x)  in  (6.1),  (6.2),  the  new  function 
v  is  subject  to  the  equation 

(6.3)  9v/9t  =  A(«)v  +  G(0  +  F(v) 

where  A(«)  :  X  -*  Y,  G(c)  €  Y,  F(  )  :  Y  -*  Y  are  given  by 

A(€)u  =  £2(a(x)v ')'+  fu(h(x),x)v 
G(  €  )(x)  =  €J(a(x)h'(x))'. 

F(v)(x)  -  f(h(x)  +  v(x),x)  -  fu(h(x),x)v(x). 

One  should  notice  that  |F(v)|0  ■  0(|v|2)  as  ]v|0  -♦  0  since  f(h(x),x)  =  0. 

Lemma  6.3.  (i)  The  linear  operator  A(«)  :  X{  -*  Y  is  invertible  with  the  inverse 
bounded  uniformly  with  respect  to  €  €  (0,£j]  for  some  >  0,  namely,  there 
exists  a  constant  c  >  0  such  that 

l|A(€)-1||B(Y>x€)  <  c-  f°r  £  € 

(ii)  The  eigenvalues  of  A(«)  are  contained  in  (-®,-202]  for  t  €  (0,€j]. 

Proof.  Since  fu(h(x),x)  <  -  302,  the  linear  analysis  in  §3  implies  the  existence 
of  such  a  constant  c  as  above.  In  fact,  the  equations  for  the  eigenvalue 
problem  A (c)v  =  Xv,  are  given  by 
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€ r 1  =  -r[l/a(x)-  +  X  -  fu(h(x),x)]  sin  0  cos  0 
£0'  =  [fu(h(x),x)  -  X]  cos20  +  sin20/a(x) 

in  terms  of  the  polar  coordinates  (r,0)  defined  by  v  =  r  cos  0,  v'  =  -r  sin  0. 
The  equation  for  the  angle  0  shows  that  the  first  eigenvalue  of  A(£),  for  £ 
€  [O.fJ,  with  £ x  >  0  small  enough,  lies  in  -2B2],  which  together  with  the 

self-adjointness  of  A(£)  gives 

||a(£)"1||b(y,y)  <  !/202 

The  same  type  of  argument  as  in  the  proof  of  Lemma  4.1  completes  the  proof 
of  Lemma  6.3. 


Proof  of  Theorem  6.2.  The  equilibrium  solutions  of  (6.3)  are  a  fixed  point  of 
the  operator  F(-,£)  ■  Y  -*  Y,  which  is  defined  by 

F(v,£)  =  -A(€)-1(G(£)  +  F(v)]. 

Since  | G(e) | Q  =  0(£2)  as  £  -  0  and  | F(v) 1 0  =  0(|v|2)  as  jv|0  -  0, 
Lemma  6.3  implies  that  there  exists  a  constant  c  >  0  such  that 

(6.4)  |  F(v,fi)  |  j  £  <  c[ £ 2  +  }  v  |  g],  v  €  Y. 

|f(vr£)  *  f(vr€)|2,£  «  CM vi lo  +  | v 2 1 o>  | v l  *  v2|o- 

If  we  let  Y(r)  =  (v  €  Y;  |v|Q  <  r},  and  if  we  choose  £j  >  0,  r  >  0  so  small 
that  the  inequalities 


c[£ 2  +  r2]  <  r,  and  cr  <  Vi 


hold,  then  the  mapping  F(-,«)  :  Y(r)  -  Y(r)  is  a  contraction  mapping  on  the 
complete  metric  space  Y(r).  Therefore,  there  exists  a  unique  fixed  point 
u(  •  ,€ )  of  F(-,e)  in  Y(r)  for  each  e  €  (0,€j).  This  proves  the  existence  of 
the  desired  family  w(x,«)  =  h(x)  +  v(x,«)  and  its  uniqueness  (part  (iii)).  Since 
v(  -,e)  is  a  fixed  point  of  F(,e),  the  estimate  (6.4)  implies  [  v(  - ,« )  1 2  €  < 
c'e2  for  some  c'  >  0,  and  in  particular,  |v(-,t)|0  <  c't2.  Therefore,  in  view 
of  the  proof  of  Lemma  6.3,  part  (ii)  follows  immediately.  Parts  (i)  and  (iv) 
will  be  proved  by  a  kind  of  bootstrap  argument.  First  of  all,  one  should  notice 
that  the  function  v(x,c)  is  a  smooth  function  of  (x,e)  on  (-1,1]  x  (0,£j], 
Now,  the  equation  for  v(x,£)  is  given  by 

e2(a(x)v')'  +  f(h(x)  +  v,x)  «  0. 

Differentiating  this  expression  with  respect  to  x,  one  obtains: 

(6.5)  A  (£)V  +  p(x,€ )  -  0 

in  which  p(x,c)  =  a '(x)€2v"(x,«)  +  a"(x)£2v  '(x,£)  +  fu(h(x)  +  v(x,e),x)h  '(x)  + 
fx(h(x)  +  v(x,€  ),x)  and  V(x,«)  «  3VU.£)/9X  and  A(t)V  =  €2(a(x)v')'  + 

fu(w(x,€),x)V.  Since  Lemma  6.3  also  applies  to  A («),  for  t  €  ((  ]  by 
reducing  >  0  if  necessary,  (6.5)  implies 

(6-6)  |V|J€  <  c  |  p(  •  ,€ )  |  q. 

Since  |v(-,€)|J{  =  0(£2),  and  fu(h(x),x)h '(x)  +  fx(h(x),x)  h0  imply  |P(  ,0|2£ 
<  C€ 2  it  follows  from  (6.6)  that  |v,('»£)|2«  *  ct2.  Differentiating  (6.5)  again 
with  respect  to  x,  one  obtains: 

(6.7)  A  («)W  +  q(x,c)  -  0 

where  W(x,«)  «  v"(x,«)  and  |q(-,«)|0  ■  0(t2).  In  order  to  prove 


,n  .*♦  t 


|q(-,£)|0  ■  0(e3)  ,  we  use  two  facts:  1)  Jv|2€  =  0(«2). 

2)  fuu(h(x),x)[h’(x)]2  +  2fux(h(x),x)h'(x)  +  fXJt(h(x),x)  +  fu(h(x),x)h "(x)  h  0.  Hence, 

employing  Lemma  6.3  again,  one  obtains 


|W(-,€)|2€  <  C  |  Q(  •  ,€  )  |  o  -  C  €  2 

and  in  particular  |v"(  »€)|o  4  C€ *•  Therefore,  |w(-,£)  -  h()|2  <  ct2,  which 
proves  part  (i).  Part  (iv)  follows  from  part  (i)  and  the  estimate  |W(-,e)|2e  ( 
C€2.  This  completes  the  proof  of  Theorem  6.2. 

We  now  proceed  to: 

Proof  of  Theorem  6.1.  By  using  the  functions  w;(x,£),  i  =  0,1  in  Theorem  6.2, 
let  us  define: 

W(x,e)  =  Wj(x,€)  -  w0(x,«). 

We  can  assume  that  |W(x,c)|  *  M  >  0,  €  €  [0,£j]  for  some  positive  constant  M. 
If  we  change  variables  in  (6.1)  by  u  | — *  W(x,e)u  +  wQ(x,£),  and  multiply  the  result 
by  W(x,€ ),  then  the  new  function  u  is  subject  to  the  equation 

(6.8)  W(x,«)2  du/dt  =  £2(a(x,£)u')'  +  f(u,x,€) 

and  the  boundary  conditions  in  (6.2),  where  the  functions  a(x,€)  and  f(u,x,£) 
are  given  by: 

a(x,£)  -  a(x)W(x,£)2 

f(u,x,£)  -  W(x,€)[£2(a(x)w'(x,£))’  +  £2(a(x)wp(x))' 

+  f(W(X,€  )U  +  W0(x,€),x)]. 

These  functions  satisfy  the  conditions  below: 


'  vl 

Ijl 

mm 
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a)  a(,)  =  [-1,1]  x  [0,€j  -  R  is  C2  in  (x,€) 
and 

f ( - , * , - )  :  R  x  [-1,1]  x  [0,€j  -»  R  is  C*  in  u  and  C2  in  (x,e). 

b)  There  exists  a  positive  constant  a0  such  that 

a(x,€)  >  a0,  (x,e)  €  [-1,1]  x  [0,t j] 

c)  f(i,x,e)  =  0,  i  -  0,1,  €  €  [O.eJ. 

d)  There  exists  a  positive  constant  0  such  that 

fu(i,x,«)  <  -302,  (x,e)  €  [-1,1]  x  [0,£j],  i  =  0,1. 

e)  If  J(x)  is  defined  by  J(x)  *  Jof(s,x,0)ds,  then,  the  conditions  for  J(x)  in 

(B-3)'  remain  satisfied  for  J(x)  and  jQf(x,s,0)ds  <  0  for  u  €(0,1). 

In  fact  a)  is  the  consequence  of  Theorem  6.2  and  b),  c)  and  d)  follow  from 

the  conditions  (B-l)  and  (B-2)  with  the  fact  that  w^x.t),  i  =  0,1,  are 

equilibrium  solutions  of  (6.1),  (6.2).  As  for  the  property  e),  it  suffices  to  notice: 

J(x)  =  W(x,0)  [  f(W(x,0)u  +  w0(x,0),  x)du 
fh1(x) 

■  f(s,x)ds  *  J(x). 

v*) 

The  conditions  a)  through  e)  above  are  sufficent  for  the  procedures  in  §2 
through  §5  to  work.  Then,  transforming  back  to  the  original  variables  by 
u  | — ♦  [u  -  wQ(x,€)]/W(x,€)  one  can  complete  the  proof  of  Theorem  6.1. 

Remark  6.4.  Theorem  6.2  was  previously  proved  by  Fife  [1974],  Our  proof  is 
different  from  his  in  that  we  are  free  from  the  maximal  principle  in  order  to 
obtain  uniform  invertibility  of  the  linear  operator  A(e). 


Remark  6.5.  One  cannot  apply  the  procedures  up  through  §5  directly  to  prove 
Theorem  6.1.  The  difference  between  the  problems  in  §5  and  §6  lies  in  that 
u  =  0,1  are  equilibrium  solutions  of  (1.1),  (1.2),  but  h;(x),  i  =  0,1,  are  not 
equilibrium  solutions  of  (6.1),  (6.2).  Theorem  6.2  plays  a  role  to  bridge  the  gap 
between  them. 

Remark  6.6.  Theorem  6.1  could  be  more  generalized.  For  instance,  it  still 


remains 

true  when 

hj(x),  i  =  0,1 

are  defined  on  the  unions  of 

subintervals, 

say 

n. 

i 

ni 

-  A  V  ! 

=  0,1,  n0  u 

=  [-1,1]  with  any  two  adjacent 

subintervals 

*o» 

and 

Ijj  being  overlapped. 

Remark  6.7.  The  idea  developed  in  the  present  paper  may  prove  useful  in 

order  to  show  the  existence  of  transition  layers  and  their  stability  for  equations 
in  several  space  dimensions. 

Remark  6.8.  The  methods  presented  in  Sections  2  -  6  apply  to  show  the 

existence  of  Neumann  boundary  layers  and  interior  double  layers.  Specific 

feature  of  these  types  of  solutions  is  that  they  are  unstable.  Boundary  layers 
turn  out  to  be  rather  easy  to  handle  because  the  linearized  operator 

around  approximate  solutions  does  not  have  small  eigenvalues  approaching  zero 
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